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UNIT 14: SIMPLE CORRELATION AND REGRESSION
UNIT STRUCTURE
14.1 Learning Objectives
14.2 Introduction
14.3 Correlation Analysis
14.3.1 Correlation and Causation
14.3.2 Types of Correlation
14.4 Methods of Measuring Correlation
14.4.1 Scatter diagram Method
14.4.2 Karl Pearson’s correlation coefficient method
14.4.3 Spearman’s Rank Correlation Coefficient
14.5 Probable error of correlation coefficient
14.6 Coefficient of determination
14.7 Regression Analysis
14.8 Regression Lines
14.8.1 Determination of the regression line of y on x
14.8.2 Determination of the regression line of x on x
14.8.3 Regression coefficient
14.9 Standard Error of Estimate
14.10 Let Us Sum Up
14.11 Further Readings
14.12 Model Questions
14.1 LEARNING OBJECTIVES
After going through this unit you will be able to


learn how correlation analysis expresses the quantitatively the degree and
direction of the association between two variables



compute and interpret different measures of correlation namely Karl
Pearson’s Correlation Coefficient, Spearman’s Rank Correlation Coefficient



use regression analysis for estimating the relationship between variables



use least square method for estimating equation to predict future values of the
dependent variable
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14.2 INTRODUCTION
In many business environments, we come across problems or situations where two
variables seem to move in the same direction such as both are increasing or
decreasing. At times an increase in one variables accompanied by a decline in
another. Thus, if two variables are such that when one changes the other also changes
then the two variables are said to be correlated. The knowledge of such a relationship
is important to make inferences from the relationship between variables in a given
situation. For example, a marketing manager may be interested to investigate the
degree of relationship between advertising expenditure and the sales volume. The
manager would like to know whether money that he is going to spent on advertising
is justified or not in terms of sales generated.
Correlation analysis is used as a statistical technique to ascertain the association
between two quantitative variables. Usually, in correlation, the relationship between
two variables is expressed by a pure number i.e., a number without having any unit of
measurement. This pure number is referred to as coefficient of correlation or
correlation coefficient which indicates the strength and direction of statistical
relationship between variables.
It may be noted that correlation analysis is one of the most widely employed
statistical devices adopted by applied statisticians and has been used extensively not
only in biological problems but also in agriculture, economics, business and several
other fields. In this unit we shall introduce correlation analysis for two variables. The
importance of examining the relationship between two or more variables can be stated
in the form of following questions and accordingly requires the statistical devices to
arrive at conclusions:
i. Does there exist an association between two or more variables? If exists, what
is the form and the degree of that relationship?
ii. Is the relationship strong or significant enough to be useful to arrive at a
desirable conclusion?
iii. Can the relationship be used for predictions of future events, that is, to
forecast the most likely value of a dependent variable corresponding to the
given value of independent variable or variables?
The first two questions can be answered with the help of correlation analysis while
the final question can be answered by using the regression analysis.
In case of correlation analysis, the data on values of two variables must come from
sampling in pairs, one for each of the two variables.
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14.3 CORRELATION ANALYSIS
By the term ‘correlation’ we mean the relationship between two variables. Two
variables are said to be correlated if the change in one variable results in a
corresponding change in the other variable. In the practical field we need to
investigate the type of relationship that might exist between the ages of husbands and
wives, the heights of fathers and sons, the amount of rainfall and the volume of
production of a particular crop, the price of a commodity and the demand for it, and
so on. Similarly, we may state the example of price of a commodity and the demand
for it. If the price of a commodity increases, there is a decline in its demand. Thus
there exists correlation between the two variables price and demand. In correlation,
we study the nature and the degree of relationship between the two variables.
Uses of Correlation Analysis
In spite of certain limitations correlation analysis is a widely used statistical device.
With the help of correlation analysis one can ascertain the existence as well as degree
and direction of relations between two variables. It is an indispensable tool of analysis
for the people of Economic sand Business. Variables in Economics and Business are
usually interrelated. In order to study the nature (positive or negative) and degree
(low, moderate or high) of relationship between any two of such related variables
correlation analysis is used. In reality, besides Business and Economics, it is
extensively used in various other branches.
14.3.1 CORRELATION AND CAUSATION
Correlation analysis helps us to have an idea about the degree and direction of the
relationship between the two variables under study. However, it fails to reflect upon
the cause and effect relationship between the variables. If there exist a cause and
effect relationship between the two variables, they are bound to vary in sympathy
with each other and, therefore, there is bound to be a high degree of correlation
between them. In other words, causation always implies correlation. However, the
converse is not true i.e., even a fairly high degree of correlation between the two
variables need not imply a cause and effect relationship between them. The high
degree of correlation between the variables may be due to the following reasons:
(i) Mutual dependence: The phenomenon under study may inter influence each
other. Such situations are usually observed in data relating to economic and business
situations. For example, variables like price, supply, and demand of a commodity are
mutually correlated. According to the principle of economics, as the price of a
commodity increases, its demand decreases, so price influences the demand level. But
if demand of a commodity increases due to growth in population, then its price also
increases. In this case increased demand makes an effect on the price. However, the
amount of export of a commodity is influenced by an increase or decrease in custom
duties but the reverse is normally not true.
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(ii) Pure chance: It may happen that a small randomly selected sample from a
bivariate distribution (i.e., a distribution in which each unit of the series assumes two
values) may show a fairly high degree of correlation though, actually, such a
relationship may not exist in the universe. Such correlation may be due to chance
fluctuations. Moreover, the conscious or unconscious bias on the part of the
investigator, in the selection of the sample may also result in high degree of
correlation in the sample. It may be noted that in both the phenomena a fairly high
degree of correlation may be observed, though it is not possible to conceive them as
being causally related.
(iii) Influence of external factors: A high degree of correlation may be observed
between two variables due to the effect or inter action of a third variable or a number
of variables on each of these variables. For example, a fairly high degree of
correlation maybe observed between the yield per hectare of two crops, say, rice and
potato, due to the effect of a number of factors like favourable weather conditions,
fertilizers used, irrigation facilities, etc., on each of them. But none of the two is the
cause of the other.
14.3.2 TYPES OF CORRELATION
Correlation may be broadly classified into the following three types:
(a) Positive, Negative and Zero Correlation,
(b) Linear and Non-linear Correlation,
(c) Simple, Partial and Multiple Correlation.
(a) Positive, Negative and Zero Correlation, Positive Correlation: Two variables
are said to be positively or directly correlated if the values of the two variables
deviate or move in the same direction i.e., if the increase in the values of one variable
results, on an average, in a corresponding increase in the values of the other variable
or if a decrease in the values of one variable results, on an average, in a corresponding
decrease in the values of the other variable. For example, there exists positive
correlation between the following pairs of variables.
i.
ii.
iii.
iv.
v.
vi.

The income and expenditure of a family on luxury items,
Advertising expenditure and the sales volume of a company,
Amount of rainfall and yield of a crop,
Height and weight of a student
Price and supply of a commodity,
Temperature and sale of cold drinks on different days of a month in summer.

When the changes in two related variables are exactly proportional and are in the
same direction then we say that there is perfect positive correlation between them. For
example, there exists perfect positive correlation between the following pairs of sets
of data where each set of data may be assumed to be the values of a variable.
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Negative Correlation: The correlation between two variables is said to be negative
or inverse if the variables deviate in the opposite direction i.e., if the
increase(decrease) in the values of one variable results, on an average, in a
corresponding decrease (increase) in the values of the other variable. The following
pairs of variables are negatively correlated:
(i) Price and demand for a commodity,
(ii) Volume and pressure of a perfect gas,
(iii) Sale of woollen garments and the day temperature,
(iv) Number of workers and time required to complete a work
When the changes in two related variables are exactly proportional but are in the
opposite directions then we say that there is perfect negative correlation between
them. The correlation between each of the following pairs of variables is perfectly
negative:

Zero Correlation: Two variables are said to have zero correlation or no correlation if
they tend to change with no connection to each other. In such situation the variables
are said to be uncorrelated. For example, one should expect zero correlation between
the yield of crop and the heights of students, or between price of rice and demand for
sugar.
(b) Linear and Non-linear Correlation: The correlation between two variables is
said to be linear if corresponding to a unit change in one variable, there is a constant
change in the other variable over the entire range of the values. The following
example illustrates a linear correlation between the two variables X and Y.
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When these pairs of values X and Y are plotted on a graph paper, the line obtained by
joining the points would be a straight line. In general, two variables X and Y are said
to be linearly related if the relationship that exists between the two variables is of the
form given by, Y= a +bX
Where ‘b’ is the slope and ‘a’ the intercept.
On the other hand, a non-linear correlation indicates an absolute change in one of the
variable values with respect to changes in values of another variable. In other words,
correlation is said to be non-linear when the amount of change in the values of one
variable does not bear a constant ratio to the amount of change in the corresponding
values of another variable. The following example illustrates a non-linear correlation
between the given variables.

When these pair of values are plotted on a graph paper, the line obtained by joining
these points would not be a straight line, rather it would be curvi-linear.
(c) Simple, Partial and Multiple Correlation: The distinction amongst Simple,
Partial and Multiple Correlation depends upon the number of variables involved
under study.
In Simple correlation only two variables are introduced to study the relationship
between them. A study on income with respect to saving only, or sales revenue with
respect to amount of money spent on advertisement etc. are a few examples studied
under Simple Correlation.
When the study involves more than two variables then it is a problem of either Partial
or Multiple Correlation. In Partial Correlation, we study relationship between two
variables while the effect of other variable is held constant. In other words, in Partial
Correlation we study the linear relationship between a dependent variable and one
particular independent variable out of a set of independent variables when all other
variables are held constant. For example, suppose our study involves three variables
X1, X2 and Y where X1 is the number of hours studied, X2 is I.Q. and Y is the marks
secured in the examination. Now if we study the relationship between number of
hours (X1) and marks obtained (Y) by the student keeping the effect of I.Q.
(X2)constant then it is a problem of Partial Correlation.
In Multiple Correlation three or more than three variables are studied simultaneously.
For example, the study of the relationship between the production of a particular crop
on one side and rainfall and use of fertilizer on the other side falls under Multiple
Correlation.
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14.4 METHODS OF MEASURING CORRELATION
Here we shall confine our discussion to the methods of measuring only linear
relationships only. The commonly used methods for studying the correlation between
two variables are:
(i) Scatter Diagram method
(ii) Karl Pearson’s correlation coefficient method
(iii) Spearman’s Rank correlation method
(iv) Concurrent Deviation method
14.4.1 SCATTER DIAGRAM METHOD
Scatter Diagram is one of the simplest methods of diagrammatic representation of a
bivariate distribution and used to study the nature(i.e., positive, negative and zero)
and degree (i.e., weak or strong) of correlation between two variables. A scatter
diagram can be obtained on a graph paper by plotting observed pairs of values of
variables x and y, considering the independent variable values on the x-axis and the
dependent variable values on the y-axis.
Suppose we are given n pairs of values
variables X and Y.

of

two

These n points may be plotted as dots ( ) in the plane. The diagram of dots so
obtained is known as scatter diagram. From scatter diagram we can form a fairly
good, though rough idea about the existence of relationship between the two
variables. After plotting the points in the plane we may have one of the types of
scatter diagrams as shown below:
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Now with the help of Scatter Diagram, we can interpret the correlation between the
two variables as:
(i) If the points are very close to each other, then we can expect a fairly good amount
of correlation between the two variables. On the other hand, if there appears to be no
obvious pattern of the points of the scatter diagram then it indicates that there is either
no correlation or very low amount of correlation between the variables.
(ii) If the points on the scatter diagram reveal any trend (either upward or backward),
the variables are said to be correlated and the variables are uncorrelated if no trend is
revealed.
(iii) If there is an upward trend rising from lower left hand corner to the upper right
hand corner then we expect a positive correlation because in such a situation both the
variables move in the same direction. On the other hand, if the points on the scatter
diagram depict downward trend starting from upper left hand corner to the lower right
hand corner, the correlation is negative since in this case the values of the two
variables run in the opposite direction.
(iv) In particular, if all the points lie on a straight line starting from the left bottom
and going up towards the right top, the correlation is perfect and positive, and if all
the points lie on a straight line starting from left top and coming down to right
bottom, the correlation is perfect and negative.
Remark: 1. The Scatter Diagram method enables us to form a rough idea of the
nature of the relationship between the two variables simply by inspection of the
graph. However, this method is not suitable to situations involving large number of
observations.
2. The method of scatter diagram provides information only about the nature of the
relationship that is whether it is positive or negative and whether it is high or low but
fails to provide an exact measure of the extent of the relationship between the two
variables.
Example 10.1: The percentage examination scores of 10students in Data analysis and
Economics were as follows. Draw as catter diagram for the data and comment on the
nature of correlation.
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Since the points are very close to each other, we may expect a high degree of
correlation. Further, since the points reveal an upward trend starting from left bottom
to top right hand corner, the correlation is positive. Hence, we conclude that there
exists a high degree of positive correlation between the scores of the students in Data
Analysis and Economics.
14.4.2 KARL PEARSON’S CORRELATION COEFFICIENT METHOD
The scatter diagram gives a rough indication of the nature and extent/strength of the
relationship between the two variables. The quantitative measurement of the degree
of linear relationship between two variables, say ‘x’ and ‘y’, is given by a parameter
called correlation coefficient. It was developed by Karl Pearson. Karl Pearson’s
method of measuring correlation between two variables is called the coefficient of
correlation or correlation coefficient. It is also known as product moment coefficient.
For a set of pairs of values of and, Karl Pearson’s correlation coefficient, usually
denoted by or
simply r is defined by,
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Assumptions of Using Pearson’s Correlation Coefficient:
Karl Pearson’s correlation coefficient rXY is based on the following four assumptions:
i. It is appropriate to calculate when both variables x and are measured on an
interval or a ratio scale.
ii. The random variables and Y are normally distributed.
iii. There is a linear relationship between the variables.
iv. There is a cause and effect relationship between two variables that influences
the distributions of both the variables.
Merits and Limitations of Correlation Coefficient: The correlation coefficient is a
numerical number lying between -1 and +1that summarizes the magnitude as well as
direction of association between two variables. The chief merits of this method are
given below:
i. Karl Pearson’s coefficient of correlation is a widely used statistical device.
ii. It summarizes the degree (high, moderate or low) in one figure.
iii. It is based on all the observations.
However, analysis based on Pearsonian coefficient is subject to certain severe
limitations which are presented as:
(i) A value of which is near to zero does not necessarily indicate that the two
variables X and Y are uncorrelated, but it merely indicates that there is no linear
relationship between them. There may be a curvilinear or some complex relationship
between the two variables which Pearson’s formula cannot detect as it is an
instrument of measuring linear correlation ship only.
(ii) Correlation is only a measure of the nature and degree of relationship between
two variables and it gives no indication of the kind of cause and effect relationship
that may exist between the two variables. It fails to identify the variables as
dependent or independent variables. Correlation theory simply seeks to discover if a
co-variation between two variables exists or not. Statistical correlation technique may
reveal a very close relationship between two variables, but it cannot tell us about
cause and effect relationship between them or which variable causes other to react.
(iii) Two uncorrelated variables may exhibit a high degree of correlation between
them. For example, the data relating to the yield of rice and wheat may show a fairly
high degree of positive correlation although there is no connection between the two
variables, viz., yield of rice and yield of wheat. This may be due to the favourable
impact of extraneous factors like weather conditions, fertilizers used, irrigation
facilities, improved variety of seeds etc. on both of them.
(iv) Sometimes high correlation between two variables may be entirely spurious.
However, such a high correlation may exist due to chance and consequently such
correlations are termed as chance correlations.
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Properties of Correlation Coefficient:
Some of the important properties of Correlation coefficient are given below:
(a) Correlation coefficient is a pure number.
(b) Correlation coefficient is independent of change of origin and scale of
measurement.
We shall now establish property (b).
Proof: Suppose we want to study the relationship between two variables X and Y. Let
these variables be transformed to the new variables U and V by the change of origin
and scale viz.,
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Example 10.2: The following data gives indices of industrial production and number
of registered unemployed people (in lakh). Determine Karl Pearson’s correlation
coefficient

Solution: To calculate the Karl Pearson’s correlation coefficient we prepare the
following table:

Thus Karl Pearson’s Correlation Coefficient,

Since coefficient of correlation r = -0.619 is moderately negative, it indicates that
there is a moderately large inverse correlation between the two variables. Hence, we
conclude that as the production index increases, the number of unemployed decreases
and vice-versa.
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Example 10.3: The following data relate to age of employees and the number of days
they reported sick in a month

Calculate Karl Pearson’s coefficient of correlation and interpret it.
Solution: Let age and sick days be represented by variables X and Y respectively.
Then Karl Pearson’s Correlation coefficient

Now we prepare the following table for calculation
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Since coefficient of correlation is closer to 1 and positive, therefore age of employees
and number of sick days are positively correlated to a high degree. Hence we
conclude that as the age of an employee increases, he is likely to go on sick leave
more often than others.
Example 10.4: The following data gives Sales and Net Profit for some of the top
Auto-makers during the quarter July-September 2006. Find the correlation
coefficient.

Solution: Let the average sales and average net profit of the given automobiles be
denoted by X and Y respectively. Then correlation coefficient is given by

Now we make the following table for calculation:
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Correlation Coefficient in case of Grouped Data
In case of Bivariate frequency, if we are to deal with large volume of data then these
are classified in the form of a two-way frequency table known as bivariate table or
correlation table. Here for each of the variables, the values are classified into different
classes following the same considerations as in the case of univariate distribution. If
there are m classes for the values of the variable and n classes for the values of the
variable, then there will be m x n cells in the two-way table. Now we shall discuss the
calculation of Karl Pearson’s correlation coefficient with the help of the following
example,
Example 10.5: Family income and its percentage spent on food in the case of 100
families gave the following bivariate frequency distribution. Calculate the coefficient
of correlation.

20
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The above calculations are presented below in the table:

Since Correlation coefficient is independent of change of origin and scale
of measurement, therefore,
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14.4.3 SPEARMAN’S RANK CORRELATION COEFFICIENT
So far, we have confined our discussion with correlation between two variables,
which can be measured and quantified in appropriate units of money, time, etc.
However, sometimes, the data on two variables is given in the form of the ranks of
two variables based on some criterion. Here we introduce the method to study
correlation between ranks of the variables rather than their absolute values. This
method was developed by the British psychologist Charles Edward Spearman in
1904. In other words, this method is used in a situation in which quantitative measure
of certain qualitative factors such as judgement, brands personalities, TV
programmes, leadership, colour, taste, cannot be fixed, but individual observations
can be arranged in a definite order. The ranking is assigned by using a set of ordinal
rank numbers, with 1 for the individual observation ranked first either in terms of
quantity or quality; and n for the individual observation ranked last in a group of n
pairs of observations. Mathematically, Spearman’s rank correlation coefficient is
defined as:

Advantages and Disadvantages of Spearman’s Correlation coefficient method:
Advantages:
i. It is easy to understand and its application is simpler than Pearson’s method.
ii. It can be used to study correlation when variables are expressed in qualitative
terms like beauty, intelligence, honesty, efficiency and so on.
iii. It is appropriate to measure the association between two variables if the data
type is at least ordinal scaled (ranked).
iv. The sample data of values of two variables is converted into ranks either in
ascending order or descending order for calculating degree of correlation
between two variables.
Disadvantages:
i. Values of both variables are assumed to be normally distributed and
describing a linear relationship rather than non-linear relationship.
ii. It is not applicable in case of bivariate frequency distribution.
iii. It needs a large computational time when number of pairs of values of two
variables exceed 30.
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Case I: When ranks are given
When observations in a data set are already arranged in a particular order (rank),
consider the differences in pairs of observations to determine Square these differences
and obtain the
total
Finally apply the formula (11.11) to calculate correlation coefficient.
Example 10.6: An office has 12 clerks. The long service clerks feel that they should
have a seniority increment based on length of service built into their salary structure.
An assessment of their efficiency by their departmental manager and the personnel
department produces a ranking of efficiency. This is shown below together with a
ranking of their length of service.

Solution: To determine whether the data support the clerks ‘claim, we use pearman’s
correlation coefficient which is given by

Since in the given data, the ranks are already been assigned, therefore we prepare the
following table for calculation.
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Therefore, Spearman’s correlation coefficient is given by,
Thus from the result we observe that there exists a low degree of positive correlation
between length of service and efficiency. Therefore, the claim of the clerks for a
seniority increment based on length of service is not justified.
Example 10.7: Ten competitors in a beauty contest are ranked by three judges in the
following order:

Use the rank correlation coefficient to determine which pair of Judges has the nearest
approach to common tastes in beauty.
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Since the correlation coefficient is maximum, the pair of first and third judges has the
nearest approach to common tastes in beauty.

Case II: When ranks are not given
Spearman’s Rank correlation coefficient can also be used even if we are dealing with
variables which are measured quantitatively i.e., when the pairs of observations in the
data set are not ranked as in case I. In such a situation, we shall have to assign ranks
to the given set of data. The highest (smallest) observation is given the rank 1. The
next highest (next lowest) observation is given the rank 2 and so on. It is to be noted
that the same approach (i.e., either ascending or descending) should be followed for
all the variables under considerations.
Example 10.8: Calculate Spearman’s rank correlation coefficient between
advertising cost and sales from the following data:

Solution: Let the variable X denote the advertisement cost (‘000Rs.) and the variable
Y denote the sales (lakhs).
Let us now start ranking from the highest value for both the variables as given below:
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Case III: When ranks are equal
While ranking observations in the data set by considering either the highest value or
lowest value as rank 1, we may encounter a situation of more than one observations
being of equal size. In such a case, the rank to be assigned to individual observations
is an average of the ranks which these individual observations would have got had
they differed from each other. For example, if two observations are ranked equal at
third place, then the average rank of (3+4)/2=3.5 is assigned to these two
observations. Similarly, if three observations are ranked equal at third place, then the
average rank of (3+4+5)/3=4is assigned to these three observations.
While equal ranks are assigned to a few observations in the data set, an adjustment is
needed in the Spearman’s rank correlation coefficient formula as given below:
where i m (i=1, 2, …..) stands for the number of items an observation is repeated in
the data set for both variables.
Example 10.9: A financial analyst wanted to find out whether inventory turnover
influences any company’s earnings per share (in percent). A random sample of 7
companies listed in a stock exchange were selected and the following data was
recorded for each:

Find the strength of association between inventory turnover and earnings per share.
Interpret the findings.
Solution: Let us start ranking from lowest value of both the variables. Since there are
tied ranks, the sum of the tied ranks is averaged and assigned to each of the tied
observations as shown below:

.
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It may be noted that a value 5 of variable x is repeated twice (m1=2) and values 8 and
13 of variable y is also repeated twice, som2 =2 and m3=2. Applying the formula
The result shows a very week positive association between inventory turnover and
earnings per share.
14.5 PROBABLE ERROR OF CORRELATION COEFFICIENT
Having determined the value of the correlation coefficient, the next step is to find the
extent to which it is dependable. Probable error of correlation coefficient usually
denoted by P.E.(r) is an old measure of testing the reliability of an observed value of
correlation coefficient in so far as it depends upon the conditions of random sampling.
If r is the observed correlation coefficient in a sample of pairs of observations then its
standard error, usually denoted by is given by,

Probable error of the Correlation coefficient is given by,
P.E.(r) =0.6745 xS.E.(r)
We have taken the factor 0.6745 because in a normal distribution 50% of the
observations lie in the range where is the mean andis the s.d.
Uses of Probable Error:
The important uses of probable error of correlation coefficient i.e., are given by
(a) may be used to determine the two limits within which here is 50%chance that
correlation coefficients of randomly selected samples from the same
population will lie.
(b) may be used to test if an observed value of sample correlation coefficients
significant of any correlation in the population.
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The rules for testing the significance of population correlation coefficient are as
below:
(i) If then the population correlation coefficient is not significant.
(ii) If then population correlation coefficient is significant.
(iii) In other situations nothing can be concluded with certainty.
It is to be mentioned that one should use probable error to test the significance of
population correlation coefficient when, the number of pairs of observations is fairly
large. Moreover, probable error can be applied only under the following situations:
(a) The data must have been drawn from a normal population.
(b) The observations included in the sample must be drawn randomly.
Example 10.10: The following are the marks obtained by 10 student’s in
Mathematics and Statistics in an examination. Determine the Karl Pearson’s
coefficient of correlation for these two series of marks. Calculate the probable error of
this correlation coefficient and examine the reliability (significance) of the correlation
coefficient. Also compute the limits within which the population correlation
coefficient may be expected to lie.

Solution: Let the marks in Maths and the marks in Stats be denoted by the variables
X and Y respectively. Let us shift both the origin and scale of the original variables X
and Y obtain the new variables U and V as given by,
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This implies that if we take another sample of size 10 from the same population, then
its correlation coefficient can be expected to lie between 0.8626 and 0.9436.
Note: When we say is reliable or significant then it usually means that, on average,
students getting good marks in Mathematics also get good marks in Statistics and
students getting poor marks in Mathematics also get poor marks in Statistics. We
must not interpret that all the students getting good (poor) marks in Mathematics also
get good (poor) marks in Statistics. It happens since correlation indicates an average
relationship between two series only and not between the individual items of the
series.
30

14.6 COEFFICIENT OF DETERMINATION
Coefficient of correlation between two variables is a measure of degree of linear
relationship that may exist in between them and indicates the amount of variation of
one variable which is associated with or is accounted for by another variable. A more
useful and readily comprehensible measure for this purpose is the coefficient of
determination which indicates the percentage of the total variability of the dependent
variable that is accounted for or explained by the independent variable. In other
words, the coefficient of determination gives the ratio of the explained variance to the
total variance. The coefficient of determination is expressed by the square of the
correlation coefficient, i.e., The value of lie between 0 and 0. For example, let the two
variables, say and be inter-dependent, and variation in causes variation in. Further, let
the correlation coefficient between them be say, 0.9. The coefficient of determination,
in this situation, is which implies that of the variation in the dependent variable is due
to variation in the independent variable or is explained by the variation in. The
remaining is due to or is explained by some other factors.
The various values of coefficient of determination can be interpreted in the following
way:
i. indicates that no variation in can be explained by the variable which in turn
indicates that there exists no association between and.
ii. indicates that the values of are completely explained by which in turn
indicates that there exists perfect association between and.
iii. reveals the degree of explained variation in as a result of variation in the
values of. Value of closer to 0 shows low proportion of variation in explained
by. Again, value of closer to 1 shows that value of can predict the actual value
of.
Example 10.11: Five students of a Management Programme at a certain Institute
were selected at random. Their Intelligent Quotient (I.Q.) and the marks obtained by
them in the paper in Decision Science (including Statistics) were as follows:

Calculate the coefficient of determination and interpret the result.
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Solution: Here, we may consider I.Q. as the independent variable as
and Marks in Decision Science as dependent variable Y. This happens so because the
marks obtained, would generally depend on the I.Q. of a student.
Now, we prepare the following table for calculation

Which implies that 65.45% of variation in the marks is explained by I.Q. The rest of
the 34.55% variation in I.Q. could be due to some other factors like preparation for
the examination by the students, their mental frame during the examination, etc.
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14.7 REGRESSION ANALYSIS
Correlation analysis deals with exploring the correlation that might exist between two
or more variables and indicates the degree and direction of their association, but fails
to answer the question: Is there any functional relationship between two variables? If
yes, can it be used to estimate the most likely value of one variable, given the value of
other variable?
Thus the statistical technique that expresses the relationship between two or more
variables in the form of an equation to estimate the value of a variable, based on the
given value of another variable, is called regression analysis. The variable whose
value is estimated using the algebraic equation is called dependent variable and the
variable whose value is used to estimate this value is called independent variable. The
linear algebraic equation used for expressing a dependent variable in terms of
independent variable is called linear regression equation.
In many business situations, it has been observed that decision-making is based upon
the understanding of the relationship between two or more variables. For example, a
sales manager might be interested in knowing the impact of advertising on sales.
Here, advertising can be considered as an independent variable and sales can be
considered as the dependent variable. This is an example of simple linear regression
where a single independent variable is used to predict a single numerical dependent
variable.
The meaning of the term regression is “stepping back towards the average.” The term
regression was first introduced by Sir Francis Galton in1877. His study on the height
of one thousand fathers and sons exhibited an interesting result where he found that
tall fathers tend to have tall sons and short fathers tend to have short sons. However,
the average height of the sons of a group of tall fathers was less than that of the
fathers. Galton concluded that abnormally tall or short parents tend to “regress” or
“step back” to the average population height.
Advantages of Regression Analysis:
Some of the important advantages of regression analysis are given below:
1. Regression analysis helps in developing a regression equation with the help of
which the value of a dependent variable can be estimated for any given value
of the independent variable.
2. It helps to determine standard error of estimate to measure the variability of
values of a dependent line fits the data. When all the points fall on the line, the
standard error of estimate becomes zero.
3. When the sample size is large (
), the interval estimation for
predicting the value of a
dependent variable based on
standard error of estimate is considered to be acceptable by changing the
values of either x or The magnitude of remains constant regardless of the
values of the two variables.
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Correlation versus Regression:
(a) With the help of correlation one measures the co variation between two variables.
In correlation neither variable may be termed as dependent or independent variable.
Since correlation does not establish a relationship between the two variables as such
one cannot estimate the value of one variable corresponding to a given value of the
other variable.
Regression establishes a functional relationship between two variables and hence one
can estimate the value of one variable corresponding to a given value of the other
variable.
(b) With the help of Correlation analysis, one cannot study which variable is the
cause and which variable is the effect. For example, a high degree of positive
correlation between price and supply does not indicate whether supply is the effect of
price or price is the effect of supply.
Regression analysis, in contrast to correlation, determines the cause-and effect
relationship between x and, that is, a change in the value of independent variable x
causes a corresponding change in the value of dependent variable if all other factors
that affect y remain unchanged.
(c) Correlation coefficient between two variables x and is always symmetric. i.e., But
regression coefficient is not symmetric in general i.e.,
(d) Correlation coefficient is independent of the change of both origins and scale,
regression coefficients are independent of change of origin only but not of scale.
14.8 REGRESSION LINES
A regression line is the line from which one can get the best estimated value of the
dependent variable corresponding to a given value of the independent variable. Thus
a regression line is the line of best fitted line. The term best fit is interpreted in
accordance with the Principle of Least Squares which consists in minimizing the sum
of the squares of the residuals or the errors of estimates.
In case of two variables and we usually have two regression lines because each
variable may usually be treated as the dependent as well as the independent variable.
For example, let us consider two variables namely, price (P) and supply (S). We
know that other conditions remaining same; if the price of a commodity increases
(decreases) the supplies of the commodity also increases (decreases). In this case, is
the independent variable and P is the dependent variable. Also, other conditions
remaining same when the supply of a commodity increases (decreases), its price
decreases (increases). In this case supply is the independent variable and price is the
dependent variable. Thus for two variables and we have two regression lines. It is to
be noted that
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Thus when we consider the variable as the independent and the variable as dependent
then we get the regression equation of y on and similarly in case of regression
equation of on we will have as the independent variable and as the dependent
variable. Sometimes, of course, from two correlated variables it is not possible to
obtain both the regression lines. For example ,if the variable denotes the amount of
rainfall in some years and the variable denotes the production of paddy in these years
then obviously, can be considered only as the independent variable whereas can be
considered only as the dependent variable.
The regression line of on is that line which gives the best estimated value of
corresponding to a given value of
The regression line of on is that line which gives the best estimated value of
corresponding to a given value of
14.8.1 DETERMINATION OF THE REGRESSION LINE OF x ON y
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14.8.2 DETERMINATION OF THE REGRESSION LINE OF x ON y
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14.8.3 REGRESSION COEFFICIENT
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If the product of the two regression coefficients exceeds unity, then
will exceed unity as the square root of a number greater than one is also greater than
one. In this case r will be greater than 1 if and xy b are positive and will be less than 1 if and are negative which is impossible since. This indicates that the product of the
two regression coefficients cannot exceed unity.
Property 4: The two regression coefficients are independent of the change of origin
but are dependent on the change of scale.
Proof: The property states that if we change the origin of the regression coefficients
then the values of the regression coefficients remain unchanged but if we change their
scale then their values get changed.
Let u and v be the new variables obtained by changing the origin and the scale of the
original variables and as follows:

Since correlation coefficient is independent of the change of origin and scale, we

have,
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14.9 STANDARD ERROR OF AN ESTIMATE
The regression equations enable us to estimate the value of the dependent variable for
any given value of the independent variable. The estimates so obtained are, however,
not perfect. A measure of the precision of the estimates so obtained from the
regression equations is provided by the Standard Error (S.E.) of the estimate. While
standard deviation of the values of a variable measures the variation or scatteredness
of the values about their arithmetic mean, the standard error of estimate measures the
variation of scatteredness of the points or dots of the scatter diagram about the
regression line. The more closely the dots cluster around the regression line, the more
representative the line is so far as the relationship between the two variables is
concerned and the better is the estimate based on the equation of this line. If all the
dots lie on the regression line then there exists no variation about the line and, as a
result of which correlation between the variables will be perfect.
Thus, Standard error (S.E.) of estimate of y for given denoted by is defined by

44

Example 10.12: A company is introducing a job evaluation scheme in which all jobs
are graded by points for skill, responsibility, and so on. Monthly pay scales (Rs. in
1000’s) are then drawn up according to the number of points allocated and other
factors such as experience and local conditions. To date the company has applied this
scheme to 9 jobs:

(a) Find the least squares regression line for linking pay scales to points.
(b) Estimate the monthly pay for a job graded by 20 points.
Solution: We consider monthly pay (Y) as the dependent variable and job grade
points (X) as the independent variable. Now, the least square regression line for
linking pay scales to points i.e., the line of regression of Y on X is given by,
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Similarly, the line of regression of X on Y is given by,
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14.10 LET US SUM UP


Correlation means existence of relationship between variables. When two
variables deviate in the same direction then we have positive correlation and
when they move in the opposite direction we say that here exists negative
correlation between variables.



We have learnt various methods with the help of which we can ascertain the
existence of relationship between variables. These methods include: (i)
Scatter diagram method, (ii) Karl Pearson’s correlation coefficient method,
(iii) Spearman’s rank correlation coefficient method.



Scatter diagram is a graphic tool to portray the relationship between
variables. Karl Pearson’s correlation coefficient measures the strength of the
linear association between variables with values near zero indicating alack of
linearity while values near -1 or +1 suggest linearity. Karl Pearson coefficient
of correlation is designated by r.



We have also discussed a very important phenomenon in Correlation and
Regression analysis which is termed as Coefficient of determination. It is
defined as the fraction of the variation in one variable that is explained by the
variation in the other variable and in other words, it measures the proportion
of variation in the dependent variable that can be attributed to independent
variable. It ranges from 0 to 1 and is the square of the coefficient of
correlation. Thus a coefficient of 0.82 suggests that 82% of the variation in Y
is accounted for by X.



This unit also focuses on the process of developing a model known as
regression model under regression analysis which is used to predict the value
of a dependent variable by at least one independent variable.
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14.12 ANSWERS TO CHECK YOUR PROGRESS
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14.13 MODEL QUESTIONS
1. What is correlation? Define positive, negative and zero correlation.
2. What is a scatter diagram? Discuss by means of suitable scatter diagrams different
types of correlation that may exist between the variables in bivariate data.
3. What is Karl Pearson’s correlation coefficient? How would you interpret the value
of a coefficient correlation?
4. Distinguish between the coefficient of determination and the coefficient of
correlation. How would you interpret the value of a coefficient of determination?
5. What is rank correlation coefficient method? Bring out its usefulness.
6. Explain the concept of regression and point out its usefulness in dealing with
business problems.
7. Write a short note on the probable error of correlation coefficient.
8. What is linear regression? Why are there two regression lines? When do these
become identical?
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UNIT 15: F-DISTRIBUTION
VARIANCE (ANOVA)

AND

ANALYSIS

OF

UNIT STRUCTURE
15.1 Learning Objectives
15.2 Introduction
15.3 The F Distribution
15.4 Assumptions For F-Test
15.5 Properties Of F-Distribution
15.6 Applications Of F-Distribution
15.6.1 Hypothesis Testing for Difference between Two Population
variances
15.7 Analysis Of Variance
15.8 Assumptions Of Analysis Of Variance
15.9 Classification Of Analysis Of Variance
15.9.1 One -Way Classification
15.9.2 Two-Way Classification
15.10 Let Us Sum Up
15.11 Further Readings
15.12 Answer To Check Your Progress
15.13 Model Questions
15.1 LEARNING OBJECTIVES
After going through this unit you will be able to
 introduce F distribution and learn how to use it in statistical inferences
 understand the assumptions involved in the use of analysis of variance
 to compare more than two population means using analysis of variance
15.2 INTRODUCTION
In several statistical applications a decision maker might want to compare the
difference in two population variances. For example, (i) Quality of products, as
measured by some indicators like diameter, length, etc. manufactured by two different
production processes. The process with lower variance, implying more consistent
quality, is preferred. (ii) Price or Earning Per Share (EPS) of two shares on day-today basis, say for a week or month, etc. The share with lower variance implying
lesser volatility could be considered less risky and as a result preferred by some
investors. (iii) Service time taken by two systems or agencies—the one having lower
variance is preferred and so on are some of the areas where comparison of variances
is needed. In testing the hypotheses of the difference in two population variances,
sample variances are used.
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Thus the ratio of the two sample variances S12/ S22 is termed as F test. Therefore the
test statistic used population variances

15.3 THE F DISTRIBUTION
F distribution is based on the assumption that the populations from which samples are
drawn are normally distributed. This distribution was first originated by G.W.
Snedecor and the distribution was named by Snedecor as F distribution in honour of
the famous English statistician Sir Ronald A Fisher. However, this distribution is also
called Snsdecore’s F distribution. As in the case with and Chi-square distributions,
the shape of a particular F distribution curve depends on the number of degrees of
freedom. A major difference between Chi-square distributions and F distribution is
that the former two distributions have only one number of degrees of freedom
whereas the latter has two numbers of degrees of freedom. This is because in the F
distribution, the degrees of freedoms are attached to both numerator and denominator.
It is to be noted that the F distribution is a continuous probability distribution and is
positively skewed. The probability density function of F distribution is given by

15.4 ASSUMPTIONS FOR F-TEST
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15.5 PROPERTIES OF F DISTRIBUTION

as drawn in the following figure.
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15.6 APPLICATIONS OF F DISTRIBUTION
F distribution is widely used in business environment by decision maker. Some of the
applications are outlined below:
i. F test is applied to test the equality of population variances.
ii. F test is used to test the significance of an observed sample multiple
correlation.
iii. It is used to test the significance of an observed sample correlation ratio.
iv. It is applied for testing the linearity of regression.
v. It is used to test the equality of several population means.
Hereunder we shall, of course, discuss only the application of testing the equality of
population variances.
15.6.1 HYPOTHESIS TESTING FOR DIFFERENCE BETWEEN TWO
POPULATION VARIANCES
Let us consider two independent random samples of sizes n1 and n2 drawn from two
normal populations with variances σ12 and σ22. We want to test the hypothesis whether
the variances of the two populations are equal or if there exists any significant
difference between the population variances.
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Since F test is based on the ratio of two variances it is also termed as Variance Ratio
Test.
The criteria of acceptance or rejection of null hypothesis H0 are as under:
Accept H0 if the calculated value of the test statistic F is less than its critical value Fα
(v1, v2) and otherwise reject the null hypothesis.
Important Note:
1. Since the available tables of the significant values of F at different levels of
significance are for the right-tail test, therefore in numerical problems we will take
greater of the variances S12 and S22 in the numerator and adjust for the degrees of
freedom accordingly. Thus if F ~ then refers to the degrees of freedom of the larger
variance, which must be taken in the numerator while calculating.
2. In numerical problems, usually sample variances given from which can be obtained
on using the relation
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Example 11.1: The time taken by workers in performing a job by method I and
method II is given below:
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Since the calculated value of F is greater than the critical value therefore we reject the
null hypothesis at 5% level and conclude that the variability of the time distribution in
the two populations is not same.
Example 11.2: A plant has installed two machines producing polythene bags. During
the installation, the manufacturer of the machine has stated that the capacity of the
machine is to produce 20 bags in a day. Owing to various factors such as different
operators working on these machines, raw material, etc. there is a variation in the
number of bags produced at the end of the day. The company researcher has taken a
random sample bags produced in 10 days for machine 1 and 13 days for machine 2,
respectively. The following data gives the number of units of an item produced on a
sampled day by the two machines:
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Since the calculated value of F is less than the critical value therefore we may accept
the null hypothesis at 5% level and conclude that the hypothesis of equal variability
may be accepted.
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Example 11.4: Suppose a company manufacturing light bulbs is using two different
processes A and B. The life of the light bulbs of process A has a normal distribution
with mean μ 1and standard deviation σ 1. Similarly the process B has also normal
distribution with mean μ 2and standard deviation σ 2. The data pertaining to the two
processes are given below:

Test the hypothesis that the variability of the two processes is the same.

Since the calculated value of F is less than the critical value therefore we may accept
the null hypothesis at 5% level and conclude that there is no significant difference in
the variability of the two samples.
Example 11.5: Can the following two samples be regarded as coming from the same
normal population?
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Solution: A normal population has two parameters, viz., mean μ and standard
deviation
To test whether two independent samples have been drawn from the same normal
population, we have to test:
i. the equality of population means and
ii. the equality of population variances.
We set up the null hypothesis i.e., the two samples can be regarded as drawn from the
same normal population.
To test the equality of population means we apply the t – test (sizes of both samples
are small) and equality of populations variances can be performed with the help of Ftest. Since test assumes, therefore first we apply F-test and then apply test.
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15.7 ANALYSIS OF VARIANCE
In unit 9, we have introduced hypothesis testing procedures to test the significance of
difference between two sample means or equivalently to test if there is any significant
difference between the two population means from which the samples have been
drawn. For this, one test statistic employed was the t-test where we assumed that the
two populations from which the samples were drawn had the same variance. But in
real life, there may be situations when instead of comparing two sample means, a
researcher has to compare three or more than three sample means (specifically, more
than two). A researcher may have to test whether the three or more sample means
computed from the three populations are equal. In other words, the null hypothesis
can be that three or more population means are equal as against the alternative
hypothesis that these population means are not equal. For example, suppose that a
researcher wants to measure work attitude of the employees in four organizations.
The researcher has prepared a questionnaire consisting of 10 questions for measuring
the work attitude of employees. A five-point rating scale is used with 1 being the
lowest score and 5 being the highest score. So, an employee can score 10 as the
minimum score and 50 as the maximum score.
The null hypothesis can be set as all the means are equal (i.e., there is no difference in
the degree of work attitude of the employees) as against the alternative hypothesis
that at least one of the means is different from the others (there is a significant
difference in the degree of work attitude of the employees). In this situation, analysis
of variance technique is used. “In its simplest form analysis of variance may be
regarded as an extension or development of the t-test.” Analysis of variance technique
makes use of F distribution (F-statistic).
Some more examples are presented below where we are required to test the equality
of means of three or more populations. For example, whether:
(1) The average life of light bulbs being produced in three different plants is the
same.
(2) All the three varieties of fertilizers have the same impact on the yield of rice.
(3) The level of satisfaction among the participants in all IIMs is the same.
(4) The impact of training on salesmen trained in three institutes is the same.
(5) The service time of a transaction is the same on four different counters in a
service unit.
(6) The average price of different commodities in four different retail outlets is
the same.
(7) Performance of salesmen in four zones is the same.
The word ‘analysis of variance’ is used since the technique involves first finding out
the total variation among the observations in the collected data, then assigning causes
or components of variation to various factors and finally drawing conclusions about
the equality of means. Thus Analysis of variance or ANOVA can be defined as a
technique of testing hypotheses about the significant difference in several population
means. This statistical technique was developed by R.A. Fisher. The main purpose of
analysis of variance is to detect the difference among various population means based
on the information gathered from the samples (sample means) of the respective
populations.
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15.8 ASSUMPTIONS OF ANALYSIS OF VARIANCE
Analysis of variance is based on some assumptions.
i. Each sample is a simple random sample.
ii. Populations from which the samples are selected are normally distributed.
However, in case of large samples this assumption is not required.
iii. Samples are independent.
iv. The population variances are identical, i.e.,
Computation of Test Statistic:
The beauty of the technique of analysis of variance is that it performs the test of
equality of more than two population means by actually analyzing the variance. In
simple terms, ANOVA decomposes the total variation into two components of
variation, namely, variation between the samples known as the mean square between
samples and variation within the samples known as the mean square within samples.
The variance ratio denoted by F is given by:

If the calculated value of F is greater than the critical value of, we must reject the null
hypothesis. In case the calculated value of is less than the critical value of, we are to
retain or accept the null hypothesis.
Analysis of variance table (ANOVA):
The table showing the sources of variation, the sum of squares, degrees of freedom,
mean squares and the formula for the F statistic is known as ANOVA table.
15.9 CLASSIFICATION OF ANALYSIS OF VARIANCE
ANOVA is mainly carried on under the following two classifications:
i. One-way classification
ii. Two- way classification
Variance and its different components may be obtained in each of the two
types of classification by:
(a) Direct Method, (b) Short-cut Method and (c) Coding Method
15.9.1 ONE-WAY CLASSIFICATION
Many business applications involve experiments in which different populations (or
groups) are classified with respect to only one attribute of interest such as (i)
percentage of marks secured by students in a course, (ii) flavor preference of icecream by customers, (iii) yield of crop due to varieties of seeds, and so on. In all such
cases observations in the sample data are classified into several groups based on a
single attribute (i.e., criterion) and are termed one-way classification of sample data.
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After formulation of the null hypothesis and alternative hypothesis one needs to
calculate the following by using any one of the above mentioned methods.
i.

Variance between the samples.

ii.

Variance within the samples.

iii. Total variance by summing (i) and (ii) which may also be calculated directly
for verification of calculations.
iv.

F-ratio (or F-statistic)

Thus in this process, the total variance can be divided into two additive and
independent parts as shown:

After calculating the test statistic F, it should be compared with the critical value of F
at a specified level of significance α for degrees of freedom and on the basis of this
comparison; accordingly the decision to accept or reject the null hypothesis is taken.
(a) Direct Method
I. Calculation of variance between samples
It is the sum of squares of the deviations of the means of various samples from the
grand mean. The procedure of calculating the variance between the samples is as
shown below:
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where is the number of groups or samples being compared, nj the number of
observations in group j, the sample mean of group, and the grand mean.
(v) In the last step, the total obtained in step (iv) is divided by the degrees of freedom.
The degrees of freedom is one less than the total number of samples. If there are k
samples, the degrees of freedom will be ν = k-1. When the sum of squares obtained in
step (iv) is divided by the number of degrees of freedom, the result is called mean
square which is denoted by MSB or MSC. MSB indicates the degree of explained
variance due to sampling fluctuations.
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II. Calculation of Variance within the samples:
This is usually referred to as the sum of squares within samples. The variance within
samples measures the difference within the samples due to chance. This is usually
denoted by SSE. The steps involved are the following:
i. The first step is to calculate the mean values of all k samples,
ii. Calculate the deviations of the various observations of k samples from the
mean values of the respective samples,
iii. Square all the deviations obtained in (ii) and find the total of these squared
deviations. This total gives the sum of the squares of deviations within the
samples or the sum of squares due to error. It is denoted by SSW or SSE.

where is the ith observation in the jth group, xj the sample mean of jth group, k
the number of groups being compared, and N the total number of observations
in all the groups.
iv. As the last step, divide the total squared deviations obtained in step (iii) by the
degrees of freedom and obtain the mean square. The number of degrees of
freedom can be calculated as the difference between the total number of
observations and the number of samples. If there are N observations and k
samples then the degrees of freedom is
III. Calculate total sum of squares: The total variation is equal to the sum of the
squared difference between each observation (sample value) and the grand mean and
is often referred to as SST.
Thus SST can be calculated as:
SST=SSB+SSE
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(b) Short-cut Method: The calculation of F-statistic (variance ratio) by using the
direct Method is very time consuming. In practice, a short- cut Method based on sum
of squares of the individual values (observations) is usually used. The computational
work is much minimized in this method. The method is more convenient when some
or all the sample means and the grand mean are fractional. The various steps involved
in the calculations of variance ratio are the following:
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(IV) MSB, MSW and F are obtained as in the Direct method and decision either to
accept or to reject is exactly same as taken in case of Direct method.
(c) Coding Method:
When the magnitudes of the observations (values) in various samples are large then
Short-cut-Method also becomes tedious. The variance ratio F (or the F statistic) has
the property that it remains unchanged if all the values are multiplied or divided by a
common factor or if a common factor is added to or subtracted from each value.
Owing to this property big figures (values or observations) are reduced in magnitude
by subtraction or division and the computational work is much simplified without
altering the value of F. When the magnitude of data is reduced by subtractions or
divisions, it is said that data have been coded to simplify calculations.
Example 11.6: The following data give the yield on 12 plots of land in three samples
of 4 plots each, under three varieties of fertilizers A, B and C
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Example 11.7: A study investigated the perception of corporate ethical values among
individuals specializing in marketing. Using 05.0 = α and the following data (higher
scores indicate higher ethical values), test for significant differences in perception
among three groups

Solution: We set up the null hypothesis that there is no significant difference in
ethical values among individuals specializing in marketing.
Now we calculate sample means, the variance between the samples and the variance
within the samples by using the Short cut Method.

75

76

Example 11.8: Three samples of five, four and five scooters are drawn respectively
from brands A, B and C manufactured by three companies. The mileage of these
scooters (in kilometer) is given below:
Test whether there is any significant difference between the mean mileages of the
three brands of scooters. Use coding method.

Solution: We set up the null
hypothesis H0 and the alternative hypothesis H1 as

H0: There is no significant difference between the mean mileages of the three brands
of scooters.
H1: There is significant difference between the mean mileages of the three brands of
scooters.
Let us subtract 40 from each of the sample values and let X 1, X2 and X3 denote
respectively the coded sample values in respect of brand A, B and C respectively. We
make the following table:
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15.9.2 TWO-WAY CLASSIFICATION
In one-way ANOVA the total variation is partitioned into two components: variations
between the samples or columns and variation within the samples due to random
error. However, there might be a possibility that some of the variation left in the
random error from one-way analysis of variation was not due to random error or
chance but due to some other measurable factors. If this measurable factor is included
in the MSE, it will result in an increase in the MSE. Any increase in the MSE would
result in a small value of F (MSE being a denominator in the F statistic formula),
which would ultimately lead to the acceptance of the null hypothesis.
The two-way classification is a mere extension of the one- way ANOVA. It can be
used to investigate two criteria (factors) of interest for testing the difference between
sample means. For example, we can study the effect of the two factors namely
different varieties of seeds and different varieties of fertilizers on the yield of a crop
in several plots of land.
The total variance or the sum of squares of variation in a two- way classification
consists of three parts: (i) SSC i.e., the sum of squares between the columns or
variance between the columns, (ii) SSR i.e., the sum of squares between the rows or
variance between the rows and (iii) SSE i.e., the sum of squares for the residuals or
residual variance or the sum of squares due to error. Thus the partitioning of the total
variation in the sample data is shown as
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The total number of degrees of freedom = cr-1,
where c and r are the number of columns and the number of rows respectively.
Degrees of freedom for columns = c-1
Degrees of freedom for rows = r-1
Degrees of freedom for residuals= (cr-1)-(c-1)-(r-1) = (c-1)(r-1)
The general ANOVA Table in case of two-way classification is given below:

The test statistic F for variance between columns is given by
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Example 11.9: The following table gives the number of refrigerators sold by 4
salesmen in three months May, June and July:

Is there any significant difference in the sales made by the four salesmen? Is there a
significant difference in the sales made during different months?
Solution: Let us take the null hypothesis that (a) there is no significant difference
between sales made by the four salesmen and (b) there is no significant difference in
the sales made during different months. The given data are coded by subtracting 40
from each observation. The coded data are given below:
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= 216

82

Example 11.10: To study the performance of three detergents and three different
water temperatures, the following ‘whiteness’ readings were obtained with specially
designed equipment:

Perform a two-way s analysis of variance, using 5% level of significance.
Solution: Let us state the null hypothesis that there is no significant difference in the
performance of three detergents due to water temperature and vice-versa.
The data are coded by subtracting 50 from each observation. The data in coded form
are given below:
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(a) Since the calculated value of Ftreatment = 9.847 is greater than the critical value F0.05
(2,4)= 6.94 therefore we reject the null hypothesis and conclude that there is
significant difference between the performance of the three detergents.
(b) Since the calculated value of Fblock = 2.380 is less than the critical value, hence we
may accept the null hypothesis and conclude that the water temperature do not make a
significant difference in the performance of the detergent.
Example 11.11: The following table gives the number of subscribers added by four
major telecom players in India, in the months of August, September, October and
November 2005. The data are given in 000’s and are rounded off to the nearest 100,
and are thus in lakhs.

Find out (use 5% level of significance)
(i) If the four companies significantly differ in their performance.
(ii) Is there significant difference between the months?
Solution: First of all, we set up the null hypothesis that (a) there is no significant
difference between the companies in their performance and (b) there is no significant
difference between the months.
Now we prepare the following table for calculation:
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The above obtained summarized results are presented in the following ANOVA table:
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With calculated and tabulated values of F we can derive following conclusions:
(a) Since the calculated value of FMonths = 1.89 for months is less than the critical value
F0.05(3,9) = 3.86, therefore we may accept the null hypothesis and conclude that there
is no significant difference between the months in terms of total additional
consumers.
(b) Since the calculated value of FCompanies = 4.65 for companies is greater than the
critical value F0.05(3,9) = 3.86, therefore we reject the null hypothesis and conclude
that there is a significant difference between the companies in terms of adding
subscribers.

15.10 LET US SUM UP
●

The major characteristics of the F distribution are:
(1) It is never negative.
(2) It is continuous.
(3) It is positively skewed.
(4) It is based on two sets of degrees of freedom.
●
The distribution is used to test whether two population variances are the same.
In this situation, the sampled populations must follow the normal distribution.
●
The distribution can also be used as given below:
(ii) F test is used to test the significance of an observed sample multiple
correlation.
(iii) It is used to test the significance of an observed sample correlation ratio.
(iv) It is applied for testing the linearity of regression.
(v) It is used to test the equality of several population means.
●
This unit also focuses on a procedure called the analysis of variance, or
ANOVA. It is a technique used to test simultaneously whether the means of several
populations are equal. It uses the distribution as the distribution of the test statistic.
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15.12 ANSWERS TO CHECK YOUR PROGRESS

(b) Now, since FTreatment > F0.05.(1,2) = 18.5, the critical value of F therefore reject H01.
Again, since Fblocks < F0.05.(2,2) = 19.0, the critical value of therefore may be accepted.
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15.13 MODEL QUESTIONS
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