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Unit-1
Formulation of Linear Programming Problems (LPP)
Structure :
1.1. Learning Objectives
1.2. Introduction
1.3. Assumptions in LPP
1.4. Limitations in LPP
1.5. Solution of LPP
1.6. Summary
1.7. Key Terms
1.8. Self-Assessment Questions
1.9. Check Your Progress
1.10. References
1.11. Model Questions

1.1 Learning Objectives
Formulating the problem is all about properly defining the system under study and
defining the performance metrics along with the constraints. Problem is not necessarily
to be considered as a troublesome state or a state of difficulty, rather to be considered as
a case for higher effectiveness or a case of optimization with due considerations for the
constraints in the business environment.
This unit aims at providing basic understanding about the introductory elements of
Linear Programming Problem (LPP) involved in formulating the model.
After reading this unit, you should be able to answer the following questions:





How is a managerial problem or business problem formulated as an LP Model?
What are the assumptions of LP Model?
What are the limitations of LP Model?
How to solve the LPP (graphically)?

1.2 Introduction
After a thorough understanding of the real business situation, key information are
captured and the problem is defined with mathematical expressions. A model helps a
researcher to analyze the extent of advantages that can be taken from the decision based
on the solution.
An LPP model uses mathematical equations and conditions to express a problem. The
variables used in the equations are the key decision-variables that define the state of
business operations with the available challenges and opportunities. There are two types
of models in operations research –
Odisha State Open University
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Analogue Model – it is an experimental system-based model using some
configuration.
Symbolic Model – it is an illustration-based graph, matrix or equation. This
geometrical or mathematical model provides a solution in quantitative terms like
time, cost, quantity etc.

The discussion presented in this unit is all about the second model i.e. the mathematical
model. The working knowledge of this concept can be easily extended to provide
solutions to sales promotions, financial investments, resource allocations in various
projects, cropping and fertilizer applications in agriculture and many more social and
business applications. It is a wonderful technique to discover the best way of using the
limited resources. The technique assists a decision maker in finding the optimal solution
for a particular area of operation while fulfilling the overall objectives of the company
as well. For example, LPP model can help a manager in – maximizing the profit;
minimizing the loss; minimizing the cost, time etc.
However, LPP can be used in the following situations:
(i) If the objectives can be expressed mathematically,
(ii) If the resources are countable or measurable,
(iii)If too many alternative solutions closely resemble in terms of optimality,
(iv) If there is a linear relation between the decision variables etc.

A LP Model may look as:
Where, X = variables 1 … n; a = coefficient of variability; b = constraints 1 …. m.
EXAMPLE – 1
A company manufacturing two products P1 and P2, which are processed on two
machines M1 and M2. P1 takes 4 hours on each on both machines and P2 takes 6 hours
and 2 hours respectively on M1 and M2. The available machine-hours for M! and M2
are 24 and 16 respectively. The profits fetched by P1 and P2 corresponds to Rs. 100
and Rs. 125.
What quantity of each product be manufactured to maximize the profit?
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ANSWER -1(A)
This part of answer to the example describes mainly the formulation of the LP Problem
i.e. a mathematical model from the given data.
Let

x = no. of units manufactured from P1 type
y = no. of units manufactured from P2 type

z = the profit earned by the company
Then, the objective function becomes:
Maximize z = 100x + 125y ….. [z = profit from x no. of P1@100 and y no. of P2@125]
This is possible subjected to the condition of using respective machine-hours, not
exceeding their total availability. So, the constraints appearing in this case are –
4x + 6y <24

…..

[P1 and P2 take 4 and 6 hours on M1 available for 24 hours]

4x + 2y < 16 …..

[P1 and P2 take 4 and 2 hours on M2 available for 16 hours]

Here, x > 0, y > 0, z >0 ….. x, y, z are all positive numbers i.e. non-negative integers.
The above Answer 1(A) is the LPP formulation, which expresses the problem
mathematically.
Further, the solution includes the use of graphical method and accordingly the relevant
assumptions are made in other parts of the answer.
Steps to take suitable assumptions and solve the problem will follow this part of answer.

1.3 Assumptions in LPP
Along with the set of well-defined linear relationship equations of decision variables,
LPP needs to express certain assumptions to solve the problem. Those are described as
follows –
 There should be an objective function, a mathematical expression aiming at
maximization of profit; or minimization of cost or losses etc. This is the main
objective of the LPP, which is aligned to the goals, and objectives of the
business operations.
 There should be a set of constraints. These are the restrictions on the side of
availability, capacity, demand, usage of resources within which a business
intends to achieve its objectives.
 Variables are quantified by some coefficients.

Odisha State Open University
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 The relationship between the variables is linear in nature in both the objective
function as well as the constraints. These relationships are expressed by means
of mathematical equations.
 The decision variables are used to optimize the objective function within certain
range and are accompanied by the non-negative values for the real life situations.
Broadly, the assumptions in formulating the LPP include the following –
 Conditions of Certainty. It means that numbers in the objective and constraints
are known with certainty and do change during the period being studied.
 Linearity or Proportionality
 Additively
 Divisibility
 Non-negative variable
 Finiteness
 Optimality
ANSWER 1(B)
This part of the answer to EXAMPLE – 1 emphasizes on the discussions pertaining to
the assumptions, based on which the initial and final solutions are developed.
Convert the inequalities (constraints) to equalities (equations) temporarily.
4x + 6y = 24
4x + 2y = 16
Let the quantity of products P1 and P2 be shown on x-axis and y-axis respectively.
As per the assumptions, the points on both the lines satisfying the equations form a
solution alternative as combinations of x and y. This is due to the constrained
availability of resources.
The feasible solutions will lie on the lower side of the lines in this example.
The assumption helps in drawing the lines of equations, below which lies a common
feasible solution region. Then using the appropriate logic, an optimal solution point is
identified.
In the given example, with the objective function and two sets of constraints for
available machine-hours, the LPP model aims at maximizing the profit. Individually
required machine-hours for P1 and P2 on M1 and M2 are used as the coefficient to the
assumed quantity x and y. The relationship between the variables is linear in nature,
expressed in the form of y = a + bx.
Quantity x and y are the decision variables are used for P1 and P2 which are well within
the feasible solution region, definitely carrying the non-negative values as per the real
life situations.
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1.4 Limitations in LPP
There are some limitations in this method too. For example,
 The assumptions taken in the LPP model may not hold good in some
practical cases.
 Many times, the input and output are not found to have linear relation as
followed by the theoretical model.
 All coefficients and constraints are expressed with certainty, whereas the
actual cases are sometimes probabilistic in nature.
 The final solutions when rounded-off may not more remain optimal to a
problem.
 Method remains valid for a very large number of variables and constraints
which appears cumbersome, manually, hence computer-aided solutions may
be used.
Amongst the major limitations following have drawn more attention through research –
I.
II.
III.
IV.
V.

VI.

VII.

To specify an objective function in mathematical form is not an easy task.
Even if objective function is determined, it is difficult to determine social,
institutional, financial and other constraints.
It is also possible that the objective function and constraints may not be directly
specified by linear in equality equations.
To determine the relevant values of the co-efficient of constraints involved in LP
is a main problem.
The assumptions of LP are also unrealistic. It assumes that factory proportion
remains constant. In addition for it, the relationship between input and output,
production and cost, and production and total revenue are assumed to be linear.
All these assumptions imply constant returns to scale and perfect competition in
the market. But in fact the relations are not always linear and imperfect
competition prevails in the market.
It is a very complex method as it uses mathematical techniques extensively. LP
models presents a trial and error solutions and it is difficult to find out really
optimal solutions to various business problems.
Under linear programming to increase production by a single process the
quantity of all inputs is to be increased in a fixed proportion.
But the production of a number of goods can be increased to some extent by
increasing only one or two inputs. It means that production can be increased to
some extent by varying factors proportion.
In spite of these limitations LP is extensively used in taking business decisions.
Most of the limitations of LP can be solved by utilizing the services of
mathematicians. The above limitation can be removed by developing non-linear
programming techniques.

ANSWER 1(C)
Odisha State Open University

7

Bachelor of Business Administration (BBA)

This part of the answer to EXAMPLE – 1 emphasizes on the discussions pertaining to
the limitations of the LPP model while suggesting and developing the final solution.






The assumptions taken in this example holds good as the variables are
deterministic.
The input and output are found to have a strong linear relation as desired by theory.
All coefficients and constraints are expressed with certainty, which hardly fluctuate
in this case.
The final solutions ,if rounded-off, nothing wrong, as the example talks about the
no. of products from P1 and P2, having no more scope for further optimization.
The current example carry only two variables and two constraints, thus no
limitation.

1.5 Solution of LPP
LPP models commonly use the following methods to provide a solution –
(i) Graphical Method,
(ii) Simplex Method,
(iii)Transportation Method etc.
The current unit of LPP emphasizes on the discussion related to problem formulation,
initial and final solution using graphical method.
As per the graphical method, the lines of constraints are drawn as referred to the
equations converted from the inequalities. Due to the nature of in equality the lower or
upper side of the curve (line) bounded by the two axes is treated as the solution region.
Gradually, the feasible solution region narrows down by drawing multiple curves for all
the constraints of the problem. A dotted line is drawn for the objective function equation
with some arbitrary value of z. Then the most optimal point of solution is identified as
the final answer by drawing a line parallel to it at the farthest point of the feasible
solution region from the origin. Sometimes, the solution may get multiple optimal
points or a segment of line (i.e. a set of optimal points) as an optimal result.
Major steps to solve an LPP can be listed as follows –
Step 1 - Identify the decision variables
Step 2 - Write the objective function
Step 3 - Identify the set of constraints
Step 4 - Choose the method for solving the LPP
Step 5 - Construct the graph
Step 6 - Identify the feasible solution region
ANSWER 1(D)
This part of the answer to EXAMPLE – 1 emphasizes on the discussions related to the
solution development and optimization for the LPP model.
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1. Start with the equations temporarily converted from the inequalities (constraints) to
assist in solving the problem.
4x + 6y = 24
……….. (i)
4x + 2y = 16
……….. (ii)
2. Draw two lines representing the above two equations on a graph sheet, labelled with
variables x and y on two axes to locate the initial feasible solution region.
For example, for equation (i) –
Take value of x as zero and get y = 4, therefore one point (0, 4) of that line.
Take value of y as zero and x = 6, therefore another point (6, 0) of the same line.
Now with the two points draw the straight line.

The area under this line i.e. shows the first initial feasible solution region (0,4)-(0,0)(6,0).
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Similarly, for the equation (ii), draw another straight line. The area under this line i.e.
shows the second initial feasible solution region (0,8)-(0,0)-(4,0).
Now, by considering both the equations, a common initial feasible solution region
obtained by joining the points (0,4), (0,0), (4,0) and (3,2).

3. Draw a straight line (thin, dotted) representing the equation of z by putting an
arbitrary value of z (preferably divisible by the coefficients of x and y in the
equation of objective function, say z = 500).
Then the representative equation becomes 500 = 100x + 125y
Putting the value of x as zero, obtain y = 4, therefore one point of the line is (0, 4).
Putting the value of y as zero, obtain x = 5, therefore another point of the line is (5, 0).
Draw the dotted line, a sample representative of the objective function passing through
these two points (0,4) and (5,0).
4. Draw the most optimal line, parallel to the line z at the farthest point (3,2) from the
origin on the common initial feasible solution region and earn a maximum profit of
Rs.550.
[i.e. Zmax = 100(3) + 125(2) = 300 + 250 = 550]

1.6 Summary
Formulation of the LPP is essential before taking up the problem in hand for a solution
irrespective of the methods employed. Unit-1 undertook the discussion of graphical
method of solving LPP in which simple two-dimensional LPP models can be handled
easily and quickly. The illustration of this method leads to better visibility. Graphical
Odisha State Open University
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representations and solutions also brings the clarity in the relationship between the
decision variables. The feasible solution region and the optimal solution are clearly
understood in graphical method. This unit has taken a single example in the introductory
stage of which different parts are answered in different sections for the ease of
understanding. However, in this section of summary, few examples are discussed to
attempt the full question.
As a summary, the steps involved in formulating and solving an LPP are –
I.
Formulate the LP problem.
II.
Construct a graph and then plot the various constraint lines.
III.
Ascertain the valid side of all constraint lines.
IV.
Identify the region of feasible solution.
V.
Plot the objective function.
VI.
Finally, find out the optimum point.
Observe in the examples below the application of these steps.
EXAMPLE – 2
An apparel company manufactures Shirts (S) and Trousers (T). Each shirt earns profit
of Rs. 20 and each trouser earns a profit of Rs. 40. The standard procedure of making
either S or T involves three processes of cutting, stitching and packing done in
respective departments D1, D2 and D3. D1 works for S and T for 1 hour and 4 hours
respectively. Similarly, D2 works for 3 hour and 1 hour and D3 works for 1 hour each
for both S and T.
The company wants to optimize it profit if D1, D2 and D3 has operational restrictions
up to 24, 21 and 8 hours respectively.
ANSWER – 2
Formulate the LPP by using the given data:
Let S and T be the number of shirts and trousers to be manufactured to maximize the
profit.
Maximize
Z = 20S + 40T ………….. Objective function
Subject to time constraints, S + 4T < 24 …………..
C1
3S + T < 21 …………..
C2
S+T<8
…………..
C3
S, T > 0
…………..
C4
Label the graph for the quantity of S and T along the x-axis and y-axis for non-negative
values.
Temporarily assume that the constraint inequalities are equations.
S + 4T = 24 …………..
(i)
3S + T = 21 …………..
(ii)
S + T =8
…………..
(iii)
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Draw three straight lines on the graph sheet representing the above three equations.
Observe the areas under these lines to be the initial feasible solution regions. Mark the
common feasible solution region that satisfy all the three equations (see figure above).
Draw a straight line (thin, dotted) representing the equation of z by arbitrarily putting a
value of 120. Then the representative equation becomes
120 = 20S + 40T.
Draw the dotted line, a sample representative of the objective function through (0,3) &
(6,0).
Draw the most optimal line, parallel to the line z at the farthest point approximately at
(3,5) on the common initial feasible solution region, thereby earning maximum profit of
Rs.260.
[i.e. Z max = 20(3) + 40(5) = 60 + 200 = 260]
Limitation – By solving the equations (ii) and (iii), the optimal values obtained are
(2.66, 53.33); and the maximum profit earned, thereby, equates to 53 + 232 = 255. This
type of errors may result, when the values are rounded-off or not measured to the scale,
which may affect the decision. However, the graphically obtained values can be same or
very close to the mathematically solved value with a magnified scale.
EXAMPLE – 3
A manufacturer wishes to determine the quantity of two products A and B to
manufacture and enjoy maximum profit. The products are made in two stages I and II. It
Odisha State Open University
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takes 7 hours and 4 hours in process I and II respectively for 100 units of A. Similarly,
it takes 6 hours and 2 hours in process I and II respectively for 100 units of B. Process I
runs for 84 hours and process II for 32 hours in the scheduled period. If the profits
associated per 100 units each of A and B type of products are respectively Rs. 11 and
Rs. 4, then what quantity of A and B should be manufactured to realize maximum
profit? It is assumed that whatever is produced can be sold and the set-up times for both
the processes are negligible.
ANSWER – 3
Formulation of the problem from the given data:
Let
X1 = no. of units (100s) of product A to be manufactured.
X2 = no. of units (100s) of product B to be manufactured.
Z = the total incremental profit earned by the manufacturer
Objective function:
Maximize
Z = 11 X1 + 4 X2
…..
where X1, X2 > 0
7 X1 + 6 X2 < 84
…..
based on the available time for process I
4 X1 + 2 X2 < 32
…..
based on the available time for process II
To solve the LPP, temporarily convert the inequalities to equations:
7 X1 + 6 X2 = 84
…. (i)
4 X1 + 2 X2 = 32
…. (ii)
Draw two lines on the graph sheet with x-axis and y-axis labelled for the quantity of A
& B.
Line for equation (i) passes through the points (0,14) and (12,0).
Line for equation (ii) passes through the points (0,16) and (8,0).
Observe the shaded area under these lines as the initial or basic feasible solution
regions. (Fig. ).
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Draw a straight line (thin, dotted) representing the equation of z by arbitrarily putting a
value of 44. Then the representative equation becomes
44 = 11 X1 + 4 X2
Draw the dotted line, a sample or representative of the objective function through (0,11)
& (4,0).
Draw the most optimal line, parallel to the line z at the farthest point at (8,0) on the
common initial feasible solution region, thereby earning maximum profit of Rs.88 by
making 8 (x 100) = 800 units of Product A. [i.e. Z max = 11(8) + 4(0) = 88 + 0 = 88]

1.7 Key Terms
Objective Function –In the mathematical model of LPP for optimization, a loss
function or cost function that maps an event or values of one or more variables into a
real number intuitively representing some "cost" associated with the event. An
optimization problem seeks to minimize a loss function. An objective function is either
a loss function or its opposite (in specific domains, variously called a reward function, a
profit function, a utility function, a fitness function, etc.), in which case it is to be
maximized.
Constraints – In the mathematical model of LPP, a constraint is a condition of an
optimization problem that the solution must satisfy. There are several types of
constraints—primarily equality constraints, inequality constraints, and integer
constraints.
Feasible Solutions –In LPP model of mathematical optimization, a feasible region,
feasible set, search space, or solution space is the set of all possible points that satisfy
the constraints, potentially including inequalities, equalities, and integer constraints.
This is the initial set of candidate solutions to the problem, before the set of candidates
narrow down.
Optimal Solution –In the mathematical model of LPP, an optimization problem is the
problem of finding the best solution from all feasible solutions. An optimal solution to a
linear program is the feasible solution with the largest objective function value (in case
of maximization).
Decision Variable –Decision Variables are the unknown quantities, expected to be
estimated as an output of the LPP solution. These are economic or physical quantities
whose numerical values indicate the solution of the linear programming problem. These
variables are under the control of the decision-maker and could have an impact on the
solution to the problem under consideration. The relationships among these variables
should be linear.
Linear Function – A linear function contains terms each of which is composed of only
a single, continuous variable raised to (and only to) the power of 1.
Non-negativity Restrictions – In most practical problems the variables are required to
be non-negative.
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1.8 Self-Assessment Questions
1. Can there be more than one optimal solution for a single LP Problem?
2. List few applications of LPP from your experience and/or exposure.
3. Write a general format of mathematical formulation for LPP. Explain the terms used
there.
4. Explain the difference between ‘basic feasible solution’ and ‘degenerate solution’ of
LPP.
5. What are the characteristics of graphical method?
Do it yourself
6. In linear programming, _______ represents mathematical equation of the limitations
imposed by the problem.
a) Objective function
b) Decision variable
c) Redundancy
d) Constraints
7. Objective function is expressed in terms of the ___________.
a) Numbers
b) Symbols
c) Decision Variables
8. _________ are the entities whose values are to be determined from the solution of
the LPP.
a) Objective function
b) Decision variables
c) Constraints
d) Opportunity costs
9. When the constraints are a mix of ‘less than’ and ‘greater than’ it is a problem
having ____.
e) Multiple constraints
f) Infinite constraints
g) Infeasible constraints
h) Mixed constraints
[Ans. 6 – Constraints; 7& 8 – Decision Variables; 9 - Mixed constraints]

1.9 Check Your Progress
1. Maximize Z = X + 5 Y
When
5X + 6Y < 30
3X + 2Y < 12
and
X, Y > 0
2. Minimize Z = 2X + 3Y
When
X+Y>6
Odisha State Open University
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and

2X + Y > 7
X+4Y>8
X, Y > 0

3. Maximize Z = 2X + 5Y
When
X<4
Y<6
X+Y<8

…..

[Answer: Z min = 12.67]

…..

[Answer: Z max = 34]

4. Minimize Z = 4X + 2Y
Subject to constraints
X + 2Y > 2
3X + Y > 3
4X + 3Y > 6
and
X, Y > 0
5. Maximize Z = 3 X1 + 2 X2
Subject to X1 + X2 < 1
3 X1 + X2 <4
X1 + X2 < 6
and
X1, X2 >0
6. Minimize Z = 3X + 5Y
Subject to X + 3Y > 3
X+Y>9
X, Y > 0
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1.11. Model Questions
1. An aviation petrol manufacturer makes fuels A and B. Both the fuels are made of
three distillates of grade I, II and III. A type fuel consists of 25% of Gr-I, 25% of
grade II and 50% of grade III. Type B has 50% each from grade II and grade III.
The manufacturer can produce maximum 500 liters/hour of grade I @ Rs. 3/liter;
200 liters/hour of grade II @ Rs. 5/liter. Type A fuel is sold at Rs. 7.50/liter and
type B at Rs. 9/liter. How much of each fuel should be produced?
2. A manufacturer recently started producing razor blades. The conventional blade
requires 8 units of carbon steel and 2 units of alloy steel for every 100 blades. The
company has an inventory of 24000 units of carbon steel and 10000 units of alloy
steel for making these two types of blades.
How the organization should best use the two resources to maximize the profit on
production of razor blades? Assume a profit level of Re. 1 on each 100 conventional
blade and Rs. 1.50 on each 100 blades of stainless type.
3. An airline offers coach and first-class tickets. For the airline to be profitable, it must
sell a minimum of 25 first-class tickets and a minimum of 40 coach tickets. The
company makes a profit of $225 for each coach ticket and $200 for each first-class
ticket. At most, the plane has a capacity of 150 travellers. How many of each ticket
should be sold in order to maximize profits?
Odisha State Open University
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4. Anita Electric Company produces two products P1 and P2. Products are produced
and sold on a weekly basis. The weekly production cannot exceed 25 for product P1
and 35 for product P2 because of limited available facilities. The company employs
total of 60 workers. Product P1 requires 2 man-weeks of labour, while P2 requires
one man-week of labour. Profit margin on P1 is Rs. 60 and on P2 is Rs. 40.
Formulate this problem as an LP problem and solve that using graphical method.
5. A company manufactures two products A and B. Both the products pass through
two machines M1 and M2. The time required to process each unit of product A and
B on each machine and available capacity of each machine is given below:
Product
A
B
Available Capacity

Processing time/unit [Hours]
M1
M2
6
2
4
4
3600
2000

The availability of materials is sufficient to produce 500 products of A and 400
products of B. Each unit of product A gives a profit of Rs. 25 and that of product B
is Rs. 20. Construct an LPP model to determine the quantity of each product to be
manufactured to maximize the profit.
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Unit-2
Simplex Methods
Structure :
2.1
2.2
2.3
2.4
2.5

Learning Objectives
Introduction
Understanding Slack, Surplus, and Artificial Variables
Simplex Procedure to Develop Initial Feasible Solution
Transforming the Initial Simplex Solution to Optimal Solution
2.5.1 Two Phase & M Method
2.5.1.1 Special Cases – Degeneracy, Multiple Optimal Solutions,
Unboundedness and Infeasibility
2.5.2 Test for Optimality
2.6 Summary
2.7 Key Terms
2.8 Self-Assessment Questions
2.9 Check Your Progress
2.10 References
2.11 Model Questions

2.1. Learning Objectives
After reading this unit, you should be able to answer the following questions:






Understand the meaning and logic of using simplex method in LPP
Convert an LPP into a standard form by adding slack, surplus and/or artificial variables
Interpret the optimal solution of LPP
Understand two phase and M method
Recognize special cases of degeneracy, multiple optimal solutions, unboundedness and
infeasibility

 Test any given solution for ensuring optimality

2.2. Introduction
Formulating the problem is followed by developing solutions. As the solution
development depends on the decision variables, the complex problems with more than
two variables cannot be handled by graphical method inviting other methods. Simplex
method is another technique widely used in solving the LPP. It is an algebraic procedure
conducted in an iteratively progressive manner. This approach gradually optimizes the
result step by step.
Simplex method is an approach to solve linear programming models, manually, using
slack variables, tableaus, and pivot variables as a means of finding the optimal solution
of an LPP. In this mathematical model, Dantzig's simplex algorithm (or simplex
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method) is used for optimization. In the subsequent stage it provided a good basis for
optimization in the field of information technology and its applications.
Like other LPP solutions, simplex method involves –
 Formulation of problem
 Projection of initial simplex table (with slack surplus variables)
 Identification of right decision variable to bring into the solution
 Identification of right variable to be replaced
 Calculation of new row values for entering variables
 Revision of remaining rows
 Repetition of the above steps till the optimum solution is arrived
Simplex method examines all corner points of the feasible solution region, using matrix
row operations, until an optimal solution is achieved.

2.3. Understanding Slack, Surplus, and Artificial Variables
Simplex method brings little modification to the LPP to express in a standard tabular
form. The main problem is expressed as a problem of maximization or minimization.
Constraints of the LPP, which are shown as inequalities, are converted to equations by
introducing some variables.
Slack Variables
For example, if the constrains is:

7x1 + 5x2<57

It is converted to:

7x1 + 5x2 + S1 = 57

Here S1 is a slack variable added on the left side of the inequality, indicating a void duly
filled-in to overcome the slackness.
Surplus Variables
For example, if the constrains is:

17x1 + 15x2>157

It is converted to:

17x1 + 15x2- S2 = 157

Here S2 is a surplus variable subtracted from the left side of the inequality, indicating
something in excess that outweighs the level.
Artificial Variables
For example, if the constrains is:

17x1 + 15x2>157

It is converted to:

17x1 + 15x2 - S2+ A2= 157

Here A2 is an artificial variable purposefully introduced on the left side of the
inequality, to maintain the non-negativity characteristics in the constraints of an LPP.
Simply, it could be understood by putting the values of x1 = 0 and x2= 0, before
introducing the artificial variable, which yields S2= - 157.
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M A big M is introduced finally in the objective function where both the surplus and the
artificial variables appear in the equation of objective function to nullify the overall
effect due to bringing of various variables.
EXAMPLE – 1

….. a case of maximization

A furniture company makes wooden tables (X) and chairs (Y) in two departments. Each
table fetches Re. 1 and each chair Rs. 2.Dept. 1 requires 5 hours and 6 hours
respectively for a table and a chair; whereas Dept. 2 requires3 hours and 2 hours
respectively for a table and a chair. In a typical week’s time, if the company has 30 and
12 man-hours available from Dept. 1 and Dept.; what is the maximum possible profit
during that week?
ANSWER -1 (A)
The problem can be formulated as:
Objective function is to Maximize,

Z = X + 5Y

Subject to

5X + 6Y < 30 …

…

…

(i)

3X + 2Y < 12 …

…

…

(ii)

Also, X and Y (no. of tables and chairs) are not negative.
The inequalities are converted to equations by adding slack variables. Here the slack
variables, S1 and S2 represent unused times of Dept.1 & 2, which yields no profit. When
the same variable just added in other equations to maintain the identity are used with
‘zero’ as the coefficient. Now the LPP can be formulated as:
Objective function is to Maximize,

Z = X + 5Y + 0S1 + 0S2

Subject to

5X + 6Y + S1 + 0S2= 30 …

…

(i)

3X + 2Y + 0S1 + S2= 12…

…

(ii)

Also, X and Y (no. of tables and chairs) are not negative.
Similarly, in competitive situations, business organizations try to minimize their cost,
time and resources as their objective function. In such cases, the surplus variables and
artificial variables come into picture.
EXAMPLE – 2 ….. a case of minimization
Minimize

z = 20x + 10y

Subject to

x + 2y < 40
4x + 3y > 60
3x + y > 30

Where, x, y > 0
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ANSWER – 2(A)
The minimization problem can be converted as a maximization problem, by
mathematically changing the signs i.e. by expressing minimization ‘z’ as maximization
of ‘-z’ and then solving the LPP as usual.
Now the LPP is formulated as:
Objective function: Maximize
Subject to constraints:

z = -20 x - 10y + 0S1 + 0S2 + 0S3- MA1 - MA2

x + 2y + S1 + 0S2+ 0S3 + 0A1 + 0A2= 40 …
4x + 3y + 0S1- S2+ 0S3 + A1 + 0A2= 60
3x + y + 0S1 + 0S2 - S3 + 0A1 + A2= 30

…

(i)
… (ii)
(ii)

x, y > 0
Note – In constraint equations sign of slack variables are positive; surplus variable are
negative; artificial variables are positive. Objective function has accordingly changed.

2.4. Simplex Procedure for Developing Initial Feasible Solution
Simplex method of solving LPP adopts the tabular presentation of its mathematical
algorithm in the following format. However, various researchers for the ease of working
do minor changes in symbols, columns, rows without compromising the main theme of
the algorithm. Hence, the procedure of solving LPP by simplex method is very much
standardized.

Standard Procedure of Solving LPP by Simplex Method
(i) Formulate the LPP with its equations
(ii) Enter the variables (basic, slack, surplus, artificial), coefficients, contributions,
solution quantities in the simplex table.
(iii)Calculate the contribution lost and net contribution and complete the table to
arrive at the initial basic solution for further optimization.
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(iv) Locate the maximum profit (or contribution) or minimum loss values that
indicates the key-column. It helps in identifying the key decision variable which
acts as the entering variable into the decision criteria in the subsequent stage.
Mark it by an arrow (↑).
(v) Divide the solution quantities by the corresponding elements of the key-column.
Find the smallest non-negative value to identify the row to be replaced. Mark it
by an arrow (←). This indicates the key-row to identify the departing variable at
this level of optimization.
(vi) Divide the replaced row values by this number and bring the entering variable in
place of departing variable as the basic variable for an optimal decision.
(vii) Locate the point where both the key-column (↑) and the key-row (←) intersect
to identify the key-number.
(viii)
Calculate the values of other rows (for Zj and Zj-Cj values) and find the
net optimal contribution.
(ix) Treat this as the final answer if all Zj-Cj values in the simplex table are positive.
(x) Otherwise repeat the procedure till arriving at the positive (Zj-Cj) values of net
contribution to the LPP.
The above steps are applied as the standard procedure to solve few LPP examples in the
following section for the ease of understanding.

2.5. Transforming the Initial Simplex Solution to Optimal Solution
The simplex procedure is used to solve an LPP for obtaining the optimal solution. For
clear and detailed understanding, Example-1 and Example-2 are further discussed below
in this section.
ANSWER -1 (B)
By following steps (iv) to (vii):
 Entering variable and the key column are identified.
 Departing variable and the key row are identified.
 Key number is identified.
 Zj and (Zj-Cj) values are obtained by following step-(viii).
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The initial basic solution obtained at this point, shows the (Zj-Cj) values to be
either negative or zero means the existence of a scope for improvement or
optimization.
Now the entering variable is Y; departing variable is S1; and key number is 6.
Now, the newly arrived solution is –

As all the values in the (Zj-Cj) row are positive or zero, it represents the optimal
solution with: X = 0, Y = 5, z = X + 5Y = 0 + 5(5) = 25.
S2 being present in the optimal solution, 2 units of capacity remains unused or idle.

2.5.1. Two Phase & M Method
The two phase method handles an LPP in two phases, especially in the case of
minimization, where the surplus variables and artificial variables are applied in
combination. In the first phase, the sum of the artificial variables is minimized under the
given constraints to arrive at a basic feasible solution. The second phase minimizes the
original objective function aligning with the basic feasible solution after the first phase.
According to this method,
 Assumptions need not be made on the original constraints as it may lead to
redundancy and/or inconsistency of the system by generating non-negative
numbers.
 An initial basic feasible solution can be obtained easily for Phase I.
 The basic feasible solution obtained in Phase I is used as initial solution for Phase
II.
Following example (2B) is solved in two phase and M method. Example 3 elaborates it
in detailed.
ANSWER – 2 (B)
By following steps (iv) to (vii) :
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Entering variable and the key column are identified.
Departing variable and the key row are identified.
Key number is identified.
Zj and (Zj-Cj) values are obtained by following step-(viii).
The initial basic solution obtained at this point, shows the (Zj-Cj) values to be
either negative or zero means the existence of a scope for improvement or
optimization.
Now the entering variable is X; departing variable is A2; and key number is 3.

Now, the newly arrived solution is –
 The improved solution obtained at this point, shows the (Zj-Cj) values still
containing large negative numbers, which means the existence of scope for
further optimization.
 Now the entering variable is Y; departing variable is A1; and key number is 5/3.

Now, the newly arrived solution is –
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The improved solution obtained at this point, shows the (Zj-Cj) values all
positive numbers, which means the solution is optimum.
Now the optimal decision variables are
o X = 6, Y = 12. Hence the optimum result, z = - 20X - 10Y = - 120 - 120
= - 240.

Example – 3

[Use two-phase simplex method to solve the following LP problem]
Minimize,
Z = x 1 + x2
Subject to the constraints,
2x1 + x2 ≥ 4
x1 + 7x2 ≥ 7
Where
x1, x2 ≥ 0

ANSWER – 3
First, convert the objective function of the LPP into the maximization form, then add
surplus variables S1, S2 and artificial variables A1, A2 in the constraints. Now, the
auxiliary LPP becomes:
Maximize,
Subject to the constraints,
Where
and
Phase I

Zmax = – X1 – X2
2X1 + X2 – S1 + A1 = 4
X1 + 7X2 – S2 + A2 = 7
X1, X2, S1, S2, A1, A2 ≥ 0
Zmax = - Zmin

It starts with the artificial variables, which needs elimination and bring other variables
to come into the initial solution as:
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This solution has to undergo an iteration.
Iteration 1:
Applying the following row operations by entering variable X2 and replacing variable
A2, we get:
R2 (new) → R2 (old) ÷ 7 (key element)
R1 (new) → R1 (old) – R2 (new)

This solution has to undergo an iteration. A2* indicates an eliminated variable.
Iteration 2:
Applying the following row operations by entering variable S2 and replacing variable
A1, we get:
R1 (new) → R1 (old) × 7
R2 (new) → R2 (old) + (1/7) R1 (new)

A1* and A2* indicate the eliminated variables in the solution. All other variables have
obtained non-negative values, hence, there is no need for any iteration further. Here we
get the optimal result. The optimal solution: x1 = 0, x2 = 4,s1 = 0, s2 = 21, A1 = 0, A2 =
0 with Z* = 0.
This solution may or may not be the basic feasible solution to the original LPP. Thus,
we have to move to Phase II to get an optimal solution.
Phase II
Here, the modified simplex table obtained as:
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The solution need to undergo an iteration.
Iteration 1:
Introducing variable X1 and removing variable S2.Following row operations are done:
R1 (new) → R1 (old) ÷ 13 (key element)
R2 (new) → R2 (old) – 2R1 (new)

Thus, the optimal basic feasible solution to the given LPP is:
X1 = 21/13, X2 = 10/13 and Max Z* = – 31/13 or Min Z = 31/13.
Example – 4
Use penalty (Big-M) method to solve the following LP problem.
Minimize
Z = 5X1 + 3X2
Subject to the constraints
2X1 + 4X2 ≤ 12
2X1 + 2X2 = 10
5X1 + 2X2 ≥ 10
and
X1, X2 ≥ 0.
ANSWER – 4
Adding slack variable, S1; surplus variable, S2; artificial variables, A1 and A2, to get
standard LPP:
Minimize
Z = 5X1 + 3X2+ 0S1 + 0S2 + MA1 + MA2
Subject to the constraints
2X1 + 4X2 + S1 = 12
2X1 + 2X2 + A1 = 10
5X1 + 2X2 – S2 + A2 = 10
and
X1, X2, S1, S2, A1, A2 ≥ 0
Obtain the initial basic feasible solution:
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S1= 12,A1= 10, A2= 10 and Min Z = 10M + 10M = 20M
Since, the value C1 – Z1= 5 – 7M is the smallest value, therefore variable X1 is chosen
as the entering and A2 as the exit variable.
The basic solution needs to undergo an iteration.
Iteration 1:
By applying the following grow operations.
R3 (new) → R3 (old) ÷ 5 (key element)
R2 (new) → R2 (old) – 2R3 (new)
R1 (new) → R1 (old) – 2R3 (new)
The improved basic feasible solution becomes:

This solution further needs to undergo an iteration.
Iteration 2:
Since the value of C2 – Z2 is the largest negative value; variable X2 is to replace S1.
Thus, get an improved solution by applying, row operations:
R1 (new) → R1 (old) × 5/16 (key element)
R2 (new) → R2 (old) – (6/5) R1 (new)
R3 (new) → R3 (old) – (2/5) R1 (new)
The new solution becomes:

Odisha State Open University

29

Bachelor of Business Administration (BBA)

This solution further needs to undergo an iteration.
Iteration 3:
Since C4 – Z4< 0 (negative) in S2-column, the current solution is not optimal. Thus,
variable S2 is chosen to replace variable A1. Thus, get an improved solution by applying
row operations:
R2 (new) → R2 (old) × 4 (key element)
R1 (new)→ R1 (old) – (1/8) R2 (new)
R3 (new) → R3 (old) + (1/4) R2 (new)
The improved solution becomes:

All the values in this solution, Cj – Zj ≥ 0. Thus, an optimal solution is obtained with:
X1 = 4, X2 = 1, S1 = 0, S2 = 12 and Min. Z = 23.

2.5.1.1. Special Cases – Degeneracy, Multiple Optimal Solutions,
Unboundedness and Infeasibility
Tie of Key-Columns
Sometimes, iterations come up with outcomes where two or more columns have same
large negative number in the index row (Zj – Cjrow). In this case, select the first valid
index number from the left.
Degeneracy (Tie of Key-Rows)
Sometimes, iterations come up with outcomes where two or more rows have same
replacement ratio in the last column. This situation is called Degeneracy in simplex
method. In such case, divide the disputed rows by the key-number and compare column
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after column, prioritizing the slack variable than the artificial, than the basic variables.
Then the LPP can be solved as usual.
Multiple Optimal Solutions
The LPP solution with index row (Zj – Cjrow) having zeros as values, created multiple
optimal solutions. In such case, select the alternate solution with zero valued index
number. Then perform another iteration, where the column of non-basic variable with
zero index number indicates the key-column and the row with smallest replacement
ration the key-row.
Unbound Solution
Unbound solutions arise, when there is no constraint i.e. when (Zj – Cj) row suggests an
entering variable, but the replacement ratio values are either infinite or negative.
Infeasible Solution
Infeasibility state arises when the (Zj – Cj) row values are positive and shows one or
more artificial variables existing in the final solutions.
Duality
Always an LPP is associated with another LPP as its mirror image, known as a dual
problem. The original problem is called the primal problem. The variables of the
Primal are called the dual variables, which have sometimes better economic
interpretations and resource planning. This concept of duality is discussed in detailed in
the Unit-3.

2.5.2. Test for Optimality
The simplex method recommends test for sensitivity to ensure optimality. Such tests are
conducted after arriving at the final solution as a post-fact analysis. This concept is
explained in detailed in Unit-3 with examples.

2.6. Summary
Simplex method ideally solves an LPP having two or more decision variables. Slack,
surplus and artificial variables are introduced in this approach to balance the inequalities
of the constraints. A convex set of feasible solution is obtained by a basic feasible
solution. This method optimizes the objective function by maximizing or minimizing
the basic feasible solutions. The initial basic feasible solution is further improved by
introducing new basic variables by replacing the existing basic variables through some
iteration. The iterations improve the initial basic feasible solution to an optimal level
with better values of the objective functions. Two phase method and M-method are used
in LPP with artificial variables. The simplex method automatically identifies the cases
of multiple, unbounded and infeasible solutions in an LPP. The simplex solution checks
for duality that has a scope of using a primal to gain sometimes a better solution because
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of the presence of some special characteristics. The simplex method also has a scope for
final check of solution to ensure the optimality by conducting tests and analyses.

2.7. Key Terms
 Slack variable represents an unused quantity of resource; it is added to less-than or
equal-to type constraints in order to get an equality constraint.
 Surplus variable represents the amount of resource usage above the minimum
required and is added to greater-than or equal-to constraints in order to get equality
constraint.
 Degeneracy is a situation that arises when there is a tie in the minimum ratio value
that determines the variable to enter into the next solution.
 Basic variables form the set of variables in the solution, which have positive nonzero values.
 Non-basic variables are those which are not in the ‘basis’ and have zero-value.
 Infeasibility is the situation in which no solution satisfies all constraints of an LP
problem.
 Artificial variable is a variable added to the constraints to get an initial solution to
an LPP.
 Unrestricted variable in an LPP model can have either positive, negative or zero
value.
 Alternative optimal solutions are those which arise when cj – zj = 0 for non-basic
variable columns in the simplex table.
 Unbounded solution occurs when value of decision variables in the solution of LP
problem becomes infinitely large without violating any given constraints.
 Optimum solution of an LPP is a solution where the objective function is
maximized or minimized as desired in a given context.

2.8. Self-Assessment Questions
1. The slack, surplus and artificial variables are restricted to be _____. [negative/nonnegative]
2. According to algebra of simplex method, the slack variables are assigned zero
coefficients because of ______ contribution in objective function. [no /base]
3. In converting a less-than-or-equal constraint for use in a simplex table, we must add
a ____________.
4. In converting a greater-than-or-equal constraint for use in a simplex table, we must
add __________.
5. In converting an equal constraint for use in a simplex table, we must add
__________.
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6. The Cj row in a simplex table for maximization represents _______. [unit profit/ net
profit]
7. The Zj row in a simplex table for maximization represents _______. [unit profit/
gross profit]
8. For a maximization problem, the solution becomes optimal when the Cj - Zj row has
no __________ numbers in it. [positive/negative]
9. For a minimization problem, the solution becomes optimal when the Cj - Zj row has
no __________ numbers in it. [positive/negative]
10. A feasible solution requires all artificial variables to be _________. [zero/non-zero]

[Ans. 1: non-negative; 2: no; 3: slack variable; 4: a surplus and an artificial variable; 5: an artificial
variable; 6: Unit profit; 7: gross profit; 8: positive; 9: negative; 10: zero]

2.9. Check Your Progress
Q 1.

Maximize

z = 8x + 6y

Subject to

4x + 2y < 60
2x + 4y < 48

Q 2.

Where,

x, y > 0

[Ans. z = 132]

Maximize

z = 200x + 300y

Subject to

2x + y < 1000
x + 3y < 1200

Where,

x, y > 0

[Ans. z = 156,000]

Q 3. A pharmaceutical company has 100 kg of A, 180 kg of B and 120 kg of C
ingredients available per month. The company can use these materials to make
three basic pharmaceutical products namely 5-10-5, 5-5-10 and 20-5-10, where the
numbers in each case represent the percentage of weight of A, B and C,
respectively, in each of the products.
The cost of these raw materials is as follows:
Ingredient Cost per kg (Rs):
ingredients at 20

A at 80; B at 20; C at 50; and inert

The selling prices of these products are Rs 40.5, Rs 43 and 45 per kg, respectively.
There is a capacity restriction of the company for product 5-10-5, because of which
the company cannot produce more than 30 kg per month. Determine how much of
each of the products the company should produce in order to maximize its monthly
profit. [Delhi Univ., MBA-2004]

Odisha State Open University

33

Bachelor of Business Administration (BBA)

[Hint: Let x1, x2 and x3 be the quantity (in kg) of P1, P2 and P3, respectively to be
manufactured. The LPP can then be formulated as: Maximize (net profit) Z =
(Selling price – Cost price) × (Quantity of product) Ans.x1 = 30 kg of P1, x2 =
1,185 kg of P2 and x3 = 0 kg of P3 in order to obtain the maximum net profit of
Z=Rs. 20,625.]
Q 4.

If, X1, X2 and X3 = quantity of products A, B and C to be produced, respectively.
Maximize,

Z = X1 + 4X2 + 5X3

Subject to

3X1 + 3X2 ≤ 22
X1 + 2X2 + 3X3 ≤ 14
3X1 + 2X2 ≤ 14

and

X1, X2, X3 ≥ 0

[Ans. X1 = 0, X2 = 7, X3 = 0 and Max Z = Rs 28,000.]
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2.11. Model Questions
Q 1.

Maximize

z = 5x + 6y

Subject to

x + 4y < 32
2x + y < 36

Where,
Q 2.

x, y > 0

[Ans. z = 104]

If, X1, X2 and X3 = number of units of chair of styles A, Band C, respectively.
Maximize

Z = 40X1 + 35X2 + 30X3

Subject to

2X1 + 3X2 + 2X3 ≤ 120
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4X1 + 3X2 + X3 ≤ 160
3X1 + 2X2 + 4X3 ≤ 100
X1 + X2 + X3 ≤ 40
and
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Unit-3
Duality And Sensitivity
Structure :
3.1 Learning Objectives
3.2 Introduction
3.3 Understanding the Concept of Duality in LPP
3.4 Understanding the Concept of Sensitivity Analysis and Testing for Optimality
3.5 Understanding the concept of Integer Linear Programming (ILP)
3.6 Zero-One Integer Programming
3.7 Goal Programming
3.8 Summary
3.9 Key Terms
3.10 Self-Assessment Questions
3.11 Check Your Progress
3.12 References
3.13 Model Questions

3.1 Learning Objectives
After reading this unit, you should be able to answer the following questions:







Understand the meaning of duality in linear programming problems
Understand the relation between the constraint constants and coefficients in primal and dual
Understand the relation between the constants of the constraints and the coefficients of the
objective function
Understand how and why the optimal solution of the primal and dual are same, by
expressing in terms of different variables and sign conventions

Testing and analyzing the solutions of primal and dual to ensure optimality
Understanding the application if ILP concept

3.2 Introduction
An LPP often associates with another LPP known as its dual problem. The original LPP
in this context is called as the primal problem. The formulation of a dual LPP is very
helpful. The variables of the primal are change to dual variables. In some cases, the dual
LPP becomes easier to solve as compared to the primal. This should be advantageously
treated in managerial practice as a strategy.
The optimal solution obtained in an LPP may be studied further to check the effect of
changes in the parameters of the problem. Impacts are seen in terms of cost, profit, loss
etc. in the objective function of the solution due to the increased or decreased levels of
resource utilization. These types of investigations on the final simplex solutions are
called sensitivity analysis or post-optimality analysis.
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The concept of duality and the procedure of conducting sensitivity analysis or postoptimality analysis are explained with examples in detailed in the following sections.

3.3 Understanding the Concept of Duality in LPP
As discussed in the above section, a dual problem is developed from a given primal or
original LPP. Following things need to be considered while transforming a primal to
dual LPP:
(i) The objective of primal problem changes from maximization to minimization or
vice versa.
(ii) The number of constraints in the primal is equal to the number of variables in
the dual.
(iii)The number of constraints in the dual is equal to the number of variables in the
primal.
(iv) The objective function of the dual takes the right hand side constants of the
primal constraints as its coefficients.
(v) The objective function of the primal takes the right hand side constants of the
dual constraints as its coefficients.
(vi) The sign of inequalities between the primal and dual constraints are reversed.
(vii) The column coefficients of the primal constraints are transferred into row
coefficients of the dual constraints.
(viii)
The values of the slack variables in the index row of the dual correspond
to the values of the decision variables in the primal.
(ix) However, the optimal solutions of primal and dual remain the same.

EXAMPLE – 1: Find the dual of –
Minimize
z = 20X1 - 10X2 -100X3
Subject to
X1 - 2X2- 3X3> 4
4X1 - 3X2 - 2X3> 6
Where, X1, X2, X3> 0
ANSWER –1
The dual is given by –
Maximize
z = 4Y1 + 6Y2
Subject to
Y1 + 4Y2 < 20
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 2Y1 + 3Y2> 10
 3Y1 + 2Y2> 100

-2Y1- 3Y2<-10
-3Y1 – 2Y2< -100
Y1, Y2> 0

Where,

EXAMPLE – 2: Find the dual of –
Maximize

z = 5X1 - 6X2 + 4X3

Subject to

3X1 + 4X2+ 6X3> 9
X1 + 3X2 + 2X3> 5
-7X1 + 2X2 + X3> - 10
X1 - 2X2 + 4X3> 4

Where,

X1, X2, X3> 0

ANSWER – 2
The dual is given by –
Minimize

z = 9Y1 + 5Y2- 10Y3 + 4Y4

Subject to

3Y1 + Y2 - 7Y3 + Y4<5
4Y1+ 3Y2+ 2Y3 - 2Y4<- 6
6Y1+ 2Y2+ Y3 + 4Y4<4

Where,

Y1, Y2, Y3, Y4> 0

EXAMPLE – 3: A firm manufacturing three products P1, P2 and P3. The available
capacity on the machine as well as the machine hours required for each unit of the
respective products are as given below. The unit profit from P1, P2 and P3are
respectively Rs. 24, Rs. 6 and Rs. 8. Find how much of each product should be produced
to maximize the profit?
Product type →

Machine hours required

Available time in machine
hours per week

Machine type ↓

P1

P2

P3

Centre Lathe

6

4

2

240

Milling Machine

4

3

---

160

Grinder

1

1

1

60

Rs. 24

Rs. 6

Rs. 8

Profit / unit

ANSWER – 3
Let x, y, z be the number of products P1, P2 and P3 respectively, produced by the firm.
Then the objective function becomes:
Maximize
Z = 24x + 6y+ 8z
Subject to
6x + 4y+ 2z<240
4x + 3Y<160
x + y + z<60
Where,
x, y, z> 0
Introducing the slack variables and expressing the LPP in standard form –
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and

6x + 4y+ 2z+ S1+ 0S2 + 0S3 = 240
4x + 3Y+ + 0S1+ S2 + 0S3=160
x + y + z+ 0S1+ 0S2 + S3 =60
Z = 24x + 6y+ 8z+ 0S1+ 0S2 + 0S3

Cj

Product
Mix

Solution
Constants

24

6

8

0

0

0

0

S1

0
0

Replacement
Ratio

240

x
6

y
4

z
2

S1
1

S2
0

S3
0

240/6 = 40←

S2

160

4

3

0

0

1

0

160/4 = 40←

S3

60

1

1

1

0

0

1

60/1 = 60

Zj

0

0

0

0

0

0

Zj - Cj

-24
↑

-6

-8

0

0

0

Key column (↑) and hence x as the entering variable is identified from the column
having lowest negative value in (Zj - Cj) row.
The replacement ratio column shows two non-negative minimum values leading to
degeneracy. As per degeneracy solution, divide Row-I and II by 6 and 4 respectively for
the slack variable.
S1

S2

S3

Row I

1/6

0

0

Row II

0

1/4

0

Now, comparing systematically, left to right, we get Row-II as the key row finding S 2 as
the departing variable. Then the revised and improved solution obtained as:
Cj

Product
Mix

Solution
Constants

24
x

6
y

8
z

0
S1

0
S2

0
S3

0

S1

2406(40)= 0

66(1)=
0

46(3/4)=
-1/2

26(0)=
2

16(0)=
1

06(1/4)=
-3/2

06(0)=
0

0/2 = 0

24
0

x
S3

40
601(40)=
20

1
11(1)=
0
0
-24

3/4
11(3/4)=
1/4
0
-6

0
11(0)=
1
0
-8
↑

0
01(0)=
0
0
0

1/4
01(1/4)=
-1/4
0
0

0
11(0)=
1
0
0

40/0 =ꚙ
20/1 = 20

Zj
Zj Cj
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After arriving at this solution, we get Row-I as the key row finding S1 as the departing
variable and z as the entering variable. Then the revised and improved solution obtained
as:
Cj
8

Product
Mix
z

Solution
Constants
0

24
x
0

6
y
-1/4

8
z
1

0
S1
1/2

0
S2
-3/4

24

x

40-0(0)=
40

1-0(0)=
1

¾-0(1/4)=
3/4

0-0(1/2)=
0

¼-0(-3/4)=
1/4

0

S3

20-1(0)=
20

0-1(0)=
0

1/4-1(-1/4)=
1/2

960
960

24
0

16
10

00(1)=
0
11(1)=
0
8
0

Zj
Zj Cj

0-1(1/2)=
-1/2
4
4

0
S3
-5

00(0)=
0
(-1/4)-1(-3/4)= 11/2
1(0)=
1
0
0
0
0

Since all the (Zj - Cj) values are non-negative, the LPP has arrived at the optimal
solution with x=40, y=0, z=0. The maximum possible profit, Z = Rs. 960.
EXAMPLE – 4 :
A company is producing two products A and B. Both the products are processed in two
machines. Product A is processed for 4 minutes on machine-1 and 2 minutes on
machine-2. Similarly, Product B is processed for 5 minutes on machine-1 and 2 minutes
on machine-2.The availability of machine-1 and machine-2 in the company is limited
to120 and 60 minutes respectively. If the profits associated per unit of A and B are Rs.
10 and Rs. 5, how many units of each type of products should be manufactured to
maximize the profit?
ANSWER – 4
Let x and y be the number of products to be manufactured from type A and B
respectively.
Then, the objective function becomes:
Maximize
Z = 10x +5y
Subject to
4x + 5y<120
2x + 2Y<60
Where,
x, y> 0
Introducing the slack variables and expressing the LPP in standard form –
4x + 5y+ S1+ 0S2= 120
2x + 2y+ 0S1+ S2=60
and
Z = 10x + 5y+ 0S1+ 0S2
Cj
Product Solution
10
5
0
0
Replacement
Mix
Quantity
Ratio
x
y
S1
S2
0
S1
120
4
5
1
0
120/4 = 30
0
S2
60
2
2
0
1
60/2 = 30
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zj
Zj- Cj

0

0
-10
↑

0
-5

0
0

0
0

There is a tie
between
Row-I & II

Key column is identified and the entering variable is x.
Row-I & II having equal non-negative values raise an issue of degeneracy. Therefore,
divide Row-I by 4 and Row-II by 2 as those are the key elements. Now, looking at the
ratios for S1, S2, x, y
S1

S2

x

y

Row-I

1/4

0

1

5/4

Row-II

0

1/2

1

1

By comparing step-by-step from left to right, we observe the smallest ratio present in
Row-II. Thus, making Row-II as the key-row, we find S2 as the departing variable. Then
the revised and improved solution obtained as:
Cj
0
10
Zj
Zj - Cj

Product
Mix
S1
x

Solution
Quantity
120-4(30)=
0
30
300
300

10
x
4-4(1)=
0
1
10
0

5
y
5-4(1)=
1
1
10
5

0
S1
1-4(0)=
1
0
0
0

0
S2
0-4(1/2)=
-2
1/2
5
5

Since all the terms in the (Zj - Cj) row are non-negative, optimum solution has been
arrived with values of x = 30, y = 0 and Z = 300.

3.4 Understanding the Concept of Sensitivity Analysis and
Testing for Optimality
Even after a solved LPP need to be checked for presence of any effect of changes in the
problem parameters on the current optimal solution. Sometimes, impactful situations
arise due to the changes in the profit, loss, cost etc. in the objective function or due to
the changes in the resource level in the solution matrix of product mix. The checks and
controls are established through sensitivity or optimality analysis, which is explained
below with examples.
EXAMPLE – 5: Let us consider the following LPP.
Maximize
z = 12x1 + 3x2 + x3
Subject to
10x1 + 2x2 + x3 < 100
7x1 + 3x2 + 2x3 < 77
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2x1 + 4x2 + x3 < 80
x1, x2, x3 > 0

Where,
ANSWER – 5

The tabular solution obtained to this LPP is as follows:
CB
Basic
Cj
12
3
1
Variables
XB
x1
x2
x3

0

0

0

x4

x5

x6

12

x1

73/8

1

0

1/16

3/16

-1/8

0

3

x2

35/8

0

0

13/16

-7/16

5/8

0

0

x6

177/4

0

0

-17/8

11/8

-9/4

1

0

0

11/16

15/16

3/8

0

Zj - Cj
Effect of changes in parameters:

(i) Non-basic variable x3. If its profit level is increased to C3 then the solution
remains unchanged as long as

If C3> 1/16, then the present solution is no longer optimum. A revised simplex
solution is developed in which x3 becomes a basic variable.
However, if C3< 1/16, the present solution becomes optimal.
(ii) Basic variable may be changed to positive or negative as in the either case, the
current solution is non-optimal. Let the basic variable be x1. Let us define both
positive and negative changes by
……..
in
the
profit
coefficient of 12.
Then divide each Zj- Cj value of non-basic variable by the corresponding coefficient
in the x1 row which is denoted by

Then the basic variable remain unchanged so long as

Referring to the simplex table, it is observed that corresponding to non-basic variables
x3 and x5… y13 = -1/16 and y15 = -1/8.
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Hence,

Corresponding to the non basic variables x4, y14> 0. Hence,
Therefore, the optimal solution is insensitive to the change in profit coefficient in the
range of Rs. 7 to Rs. 15 although the present profit coefficient is Rs. 12.
Of course, the objective function needs to be revised or redefined after introducing the
changed values of profits.

3.5 Integer Linear Programming (ILP)
Integer linear programming (ILP), in which the objective function and the constraints
(other than the integer constraints) are linear. An integer programming problem (ILP) is
a mathematical optimization or feasibility program in which some or all of the variables
are integers. If some decision variables are not discrete, the problem is known as a
mixed-integer programming problem.
An integer programming (IP) problem is a linear programming (LP) problem in which
the decision variables are further constrained to take integer values. Both the objective
function and the constraints must be linear. The most commonly used method for
solving an IP is the method of branch-and–bound.
Canonical and standard form for ILPs

Where c, b, are vectors and A is a matrix, where all entries are integers. Similar to LPP,
ILPs not in standard form can be converted to standard form by eliminating inequalities,
introducing slack variables and replacing variables that are not sign-constrained with the
difference of two sign-constrained variables.
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3.6 Zero-One Integer Programming
When the value of the decision variable can be either one or zero, the programming is
called zero-one integer programming. These problems can be solved by using general
integer programming techniques described in this chapter by using additional
constraints xj ≤ 1, j= 1, 2......n. Its practical application can be found in large number of
real life situation in the area of facility location, capital budgeting or project selection,
machine sequencing, assignment problems or manpower scheduling etc.

3.7 Goal Programming
Goal Programming makes up for one of the most important limitations of Linear
Programming. As we know, there is only one goal in L.P formulations which can be
expressed in the objective function; that is the goal of either minimising or maximising
a given function. The problem arises when management has multiple goals. In such
cases L.P. fails to give a solution as the goals fail to be compatible or be satisfied
simultaneously within the bounds of available resources. Further, goals not incorporated
into the objective function, are treated as equality or inequality constraints of the
problem. While the use of equality constraints may yield no solution, with inequality
constraints deviations will be allowed in one direction only and such deviation would be
of no consequence. This would be give unsatisfactory results. Thus, in cases where
management has multiple goals, goal programming would be considered the more
flexible and superior technique as it provides with the solutions that fulfil the goals to
the maximum possible extent as compared to L.P.
Along with profit maximisation; other goals like market share goals, financial liquidity
goals, production goals, employment goals etc. are considered equally important by the
management today. But more often than not, these goals contradict and clash with each
other in the dynamic business environment today. The political, economic and ethical
aspects of the business are also being taken as important goals with the increasing
importance of Social Responsibility of business. As such organisations do not have
single goal or objective, rather they try to seek and satisfy multiple goals and objectives.
This is where goal programming become handy.
Goal programming is the most appropriate business modelling which provides a
determined scope for analysing the soundness of a goal structure considering the
available resources or constraints of the organisation.
Goal programming technique refers to those goals which are desires of the management
to achieve organisational objective. Here the decisions are taken considering the
constraints of the organisation. It is similar to L.P model but the major difference is a
difference in formulating the objective function. This can be understood from the
following illustrations:-
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Product P requires 20 main hours and Product Q requires 30 main hours and the
manufacturer and the company would like to keep manpower utilisation at 1,00,000
main hours. Then the goal will be written as:
X1 represent Product P and X2 Represents Product Q
20X1 + 30X2 + d1- - d1+ = 1,00,000
The company may have other goals like profit, liquidity etc. These goals also are
formulated in the same way as stated above with positive and negative deviational
variables. This can be understood with the following illustrationThe company has a sales goal for Rs. 2,00,000 with small deviation on either side. The
product p at Rs. 200 and Product Q at Rs.400, then this goal is expressed as follows:
200X1 + 400X2 + d2- - d2+ = 2,00,000
The symbols d1-, d1+ ,d2- and d2+ in the above goals are deviational variables. d- stands
for downside deviation and d+ for upside deviation from goals.
Thus, in goal programming there is no single function for optimisation. The model for
optimisation is as follows:
Minimise:
D= d1- + d1++ d2- + d2+
The weights attached to the deviations in the objective function emphasises the fact that
not all goals are equally important and that some goals are more important than the
others. Management thus, can attach priorities to different goals depending upon the
weightage. . Thus, goal programming models are more satisfying models and as such
are a superior technique in situations involving multiple goals.

3.8 Summary
Simplex method ideally solves an LPP having two or more decision variables. Slack,
surplus and artificial variables are introduced in this approach to balance the inequalities
of the constraints. A convex set of feasible solution is obtained by a basic feasible
solution. This method optimizes the objective function by maximizing or minimizing
the basic feasible solutions. The initial basic feasible solution is further improved by
introducing new basic variables by replacing the existing basic variables through some
iteration. The iterations improve the initial basic feasible solution to an optimal level
with better values of the objective functions. Two phase method and M-method are used
in LPP with artificial variables. The simplex method automatically identifies the cases
of multiple, unbounded and infeasible solutions in an LPP. The simplex solution checks
for duality that has a scope of using a primal to gain sometimes a better solution because
of the presence of some special characteristics. The simplex method also has a scope for
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final check of solution to ensure the optimality by conducting tests and analyses. Integer
programming (IP) problem is applied in linear programming (LP) problem in which the
decision variables are further constrained to take integer values. This method also
attempts to optimize the LPP solution.

3.9 Key Terms
 Slack variable represents an unused quantity of resource; it is added to less-than or
equal-to type constraints in order to get an equality constraint.
 Surplus variable represents the amount of resource usage above the minimum
required and is added to greater-than or equal-to constraints in order to get equality
constraint.
 Degeneracy is a situation that arises when there is a tie in the minimum ratio value
that determines the variable to enter into the next solution.
 Basic variables form the set of variables in the solution, which have positive nonzero values.
 Non-basic variables are those which are not in the ‘basis’ and have zero-value.
 Infeasibility is the situation in which no solution satisfies all constraints of an LP
problem.
 Artificial variable is a variable added to the constraints to get an initial solution to
an LPP.
 Unrestricted variable in an LPP model can have either positive, negative or zero
value.
 Alternative optimal solutions are those which arise when cj – zj = 0 for non-basic
variable columns in the simplex table.
 Unbounded solution occurs when value of decision variables in the solution of LP
problem becomes infinitely large without violating any given constraints.
 Optimum solution of an LPP is a solution where the objective function is
maximized or minimized as desired in a given context.
 The sensitivity analysis of an LPP is a study of the effect of changes of the profit
or the resource level on the solution.
 The dual problem corresponds to an LPP is another LPP formulated from the
parameters of the original problem.
 The primal problem is the original LPP.
 The dual variables are the variables of the dual LPP.
 The shadow price of a resource is the change in the optimum value of the
objective function per unit increase of the resource.
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3.10 Self-Assessment Questions
1. A feasible solution requires that all artificial variables is _____________.
2. A change in the objective function coefficient (Cj) for a basic variable can affect
____.
a. the values of all the non-basic variables.
b. the values of all the basic variables.
c. only the value of that variable.
d. the values of other basic variables.
3. The shadow price for a constraint is _______
a. the value of an additional unit of that resource.
b. always equal to zero if there is positive slack for that constraint.
c. found from the value in the slack variable column.
d. all of the above
4. If, when we are using a Simplex table to solve a maximization problem, we find that
the ratios for determining the pivot row are all negative, then we know that the
solution is ____________ in nature.
5. If in the optimal tableau of an LP problem an artificial variable is present in the
solution mix, this implies _________
a. infeasibility.
b. unboundedness.
c. degeneracy.
d. alternate optimal solutions
6. The solution to the dual LP problem _____
a. presents the marginal profits of each additional unit of resource.
b. can always be derived by examining the row of the primal’s optimal simplex
tableau.
c. is better than the solution to the primal.
d. all of the above
7. The number of constraints in a dual problem will equal the number of _________
a. constraints in the primal problem.
b. variables in the primal problem.
c. variables plus the number of constraints in the primal problem.
d. variables in the dual problem

3.11 Check Your Progress
1. Create your own original LP maximization problem with two variables and three
less-than-or-equal-to constraints. Now form the dual for this primal problem.
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2. Explain the relationship between each number in a primal and corresponding
numbers in the dual.
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3.13 Model Questions
Q 1. If a primal problem has 12 constraints and 8 variables, how many constraints and
variables will its corresponding dual have?
Q 2. What is a shadow price? How does the concept relate to the dual of an LP problem?
How does it relate to the primal?
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