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UNIT 01

LIMITS AND CONTINUTY
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Learning Outcomes
1.1
Introduction
1.2
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1.3
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1.4
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1.5
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1.6
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1.7
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1.8
Economic Application
1.9
The intermediate value theorem
1.10 Let us Sum up
1.11 Further Readings
1.0

LEARNING OBJECTIVES

After studying this module, you would
 Know the concept of Limits and Continuity.
 Know the rules for limit and the properties of continuous functions.
 Learn about the limits of a sequence
1.1

INTRODUCTION

This module introduces you to the concept of limits and continuity. It explains the
use of limits to check for the type of sequence and the properties of continuous
functions. It also describes the economic use of limits and the continuity.

1.2

DEFINITION OF A LIMIT

A limit is the value that a function “approaches” as the input or index approaches
some value. The concept of limit is essential to calculus and is used to define
continuity, derivatives and integrals. The concept has wide applications in
analysis of various economic phenomena.
Suppose f is a real valued function and A is any constant, then we write
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=A

or

f(x) → A

as

x→a

Where, → stands for tending towards but not equal to. This implies f(x) tends to
close to A as x approaches close to a (not necessarily equal to a)
This means that we can make f(x) as close to A as we want for all x sufficiently
close to (but not equal to) a. It is possible, however that the value of f(x) does not
tend to any fixed number as x tends to a.
Then we say that lim f(x) does not exist, or that f(x) does not have a limit as x tend
to a.
x →a
For example,
Examine the following limit:

We obtain the following table when x is a number close to 3. As x→ 3, it seems
that 3x-2 tends to 7, so

= 7. (If x is precisely equal to 3, then 3x-2 is

equal to 7. but the definition of

ignores the value of 3x-2 at x=3)

Table: Value of 3x-2 when x is close to 3
x

2.9

2.95 2.99 2.999 3.001 3.01 3.05 3.1

3x-2 6.7 6.85 6.97 6.997 7.003 7.03 7.15 7.3
Another formal definition of the limit of a function can be given as follows:
A function f(x) is said to approach the limit A as x→ 𝑎 if for any positive number
ε, howsoever small, we can find a number δ such that |𝑓(𝑥 − 𝐴)|< ε, for all values
of x satisfying |𝑥 − 𝑎|<δ except possibly at x=a.
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1.3

DEFINITION OF A CONTINUOUS FUNCTION

Let f be defined on a domain that includes an open interval around a. Then f is
continuous at x = a provided that f(x) tends to f (a) as x tends to a: f is continuous at
x

f(x) = f (a)

Hence we see that in order for f to be continuous at x = a, the following three
conditions must be fulfilled:
1. the function f must be defined at x = a
2. the limit of f(x) as x tends to a must exist
3. the limit must be exactly equal to f(a)
Roughly speaking, a function is said to be continuous if small changes in the
independent variable produces small changes in the function values otherwise it
is said to be discontinuous.
Geometrically, a function is continuous if its graph is connected i.e. it has no
breaks.
On the other hand, if the graph makes one or more jumps, it is said to be
Discontinuous.

(a) A continuous function
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(b) A discontinuous function
1.4

LIMITS

3.1 Rules for Limits
Suppose that f and g are functions defined in the neighbourhood of a (but not
necessarily at a).Then we have the following rules
If f(x) = A and lim g(x) = B and c is a constant, then
x→a
1)
[cf(x)] = c f(x) = c.A
We can factor a multiplicative constant out of a limit.
2)
[ f(x) + g(x) ] =
[g(x) ] = A + B
Limit of sum or difference of two functions is the sum or difference of their
individual limits.
3)

[ f(x).g(x ) ]
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Limit of product of two functions is the product of limits of their individual
function.
4)
[ f(x)/g(x) ]
[g(x) ] = A/B (provided B ≠ 0)
Limit of ratio of two functions is ratio of the limits of individual function.
5)

[f(x)]ⁿ = Aⁿ

(if Aⁿ is defined)

6)
c=c
Limit of a constant function is constant itself.

Example: Compute the following limit
(x²+5x)
Using the above rules,
lim (x² = 5x)= lim (x .x)
+ x→−2 x→−2
x) + (
= (-2) (-2) + 5 (-2) = 6

we get

x)

3.2 Limits that do not exist: one sided limits

Figure 1
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Figure 2
The functions depicted in the above two graphs fail to have a limit as x tends to a.
In Figure 1, however, we can see that if x tends to 3 from below, then f(x) tends
to 1. We therefore say that the limit of f(x) as x tends to 3 from below is 1, and
we write

f(x) = 1

or

f(x) →1 as x→ 3⁻

Analogously, we say that the limit of f(x) as x tends to 3 from above is 4,
and write
lim f(x) = 4
or
f(x)→4 as x→ 3⁺ x→3⁺
These are called one sided limits, the first from below and the second from
above.
They can also be called left limits and right limits respectively.
In Figure 2, the graph depicts the function f(x) = 1/|x − 0|, which increases without
bound as x tends to 0 (either from the right or from the left). We write f(x) → ∞ as x
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Because f(x) does not tend to a definite (finite) number as x tends to 0, we say
that limit does not exist. The straight line x=0 is called the vertical asymptote for
the graph off.

1.5

LIMIT OF A SEQUENCE

Let {a₁, a₂, aₓ, …..} be a sequence of real numbers. We say that a finite number,
L, is the limit of this sequence if for any arbitrarily chosen small positive number
ε, there exists a positive number N such that for all x≥ N, we have |aₓ − L|<ε .
This is also written as

{aₓ} =L.

{aₓ} =L (finite number), the sequence is called a convergent sequence.
Example: aₓ = ({x + 1)/x}

Various members of this sequence are:
2/1, 3/2, 4/3,101/100, 1001/1000, (for x=1, 2,)
We note that as x becomes larger and larger, the successive terms of the sequence
become closer and closer to unity, thus

{(x+1)/x} = 1.

Hence, the sequence is convergent.
, the sequence is termed as divergent sequence.
Example: aₓ = {x - 1/x}
Various members of the sequence are 0, 3/2, 8/3, 15/4,
We note that as x becomes larger, the successive terms of the sequence also
become larger.
Thus
Example: Examine the demand curve p = a / (x + b), where a and b are positive
constants. Show that demand increases from zero to indefinitely large amounts as
the price falls. What type of curve is the total revenue curve? Show that total
revenue increases to a limiting value. Draw the graphs of demand and total
revenue curves to support your argument.
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Since we have to examine the behaviour of demand as price changes, we write

We can write the total revenue function as
TR(x + b)-ax = 0 or
TR(x + b)-a(x + b) = -ab or
(x + b) (TR-a) = -ab
This is the equation of rectangular hyperbola with centre at (-b,a) and asymptotes
parallel to axes. Since right hand side of the above equation is negative, the two
parts of the curve lies in second and fourth quadrants, formed by the asymptotes.
The relevant total revenue curve is where TR and x are both positive, as shown in
the figure below.

(a) Demand Curve
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1.6

CONTINUITY

⋆ If f and g are continuous functions at a, then
(a) f +g and f-g are continuous at a
(b) f.g is continuous at a
(c) f/g is continuous at a if g(a) ≠ 0
(d) [f(x)] p/q is continuous at a if [f(a)] p/q is defined
⋆ Composites of continuous functions are continuous:
If g is a continuous function at x=a, and f is a continuous function at g(a) , then
f(g(x)) is continuous at x=a .
1.7

ONE-SIDE CONTINUITY

Suppose f is defined on a domain including the half open interval (c,a]. If f(x)
tends to f(a) as x tends to a⁻ , we say that f is left-continuous at a. Similarly, if f
is defined on a domain including [a,d), we say that f is right-continuous at a if
f(x) tends to f(a) as x tends to a+ .
Example:
In the following graph, f tends to a limit as x tends to 2 from the left, but f is not
left continuous at 2 because the limit is different from f (2) which is equal to 1.
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1.8

ECONOMIC APPLICATION

Solution:
(a)To graph the demand with p on vertical axis, we can write the given function
10-0.5x for 0≤x≤4
P=
12-x
for 4≤ x ≤12
Graph of this function is shown in the figure below. From the graph we note that
the demand curve has a kink when x=4. (b)We can write the total revenue
function as
10x-0.5x2 for 0≤x≤4
TR=
12x-x2
for 4≤x≤12
Note that TR=10x-0.5x2 is a parabola with vertex at (10, 50) and axis pointing
vertically downward and TR=12x-x2 is a parabola with vertex at (6, 36) and axis
pointing vertically downward. From the following graph we note that TR is
continuous everywhere if it is continuous at x = 4.
LHL= 10 × 4 − 0.5 ×16 = 32, RHL= 12× 4 − 16 = 32,
TR (4) = 10 × 4 − 0.5 × 16 = 32
Therefore, TR is a continuous function.
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(a) Demand function

(b) Total Revenue Function
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1.9

INTERMEDIATE VALUE THEOREM

An important reason for introducing the concept of continuous function is to
distinguish between continuous and discontinuous graphs i.e. graphs those are
connected and those with more jumps and breaks. For this the continuous
functions follow the following theorem:
Suppose a function f is continuous on a closed interval, [a,b]. if yo be a number
between f(a) and f(b), then there exists a number c in [a,b] such that f(c) = yo
A useful implication of the theorem is in finding the roots of a polynomial of
degree greater than two. This theorem tells that if f is continuous, then in any
interval [a,b], on which f(a) and f(b) are of different signs, must contain at least
one c such that f(c) = 0.
Example: show that the following equation has at least one root in the given
interval: x3-x = 5 in [0, 2].
Solution: Let f(x) = x3-x-5
Then f (0) = -5 < 0
And f (2) = 8-2-5= 1 > 0

Hence by intermediate value theorem, there exists a number c € [0, 2] such that f
(c) = 0. There are other implicational theorems on continuity that make use of the
concept of differentiability like the extreme value theorem, the mean value
theorem etc. which are better understood through the differentiation aspect about
variables.
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1.10

LET US SUM UP

The module discusses about the following concepts:
 If a function f is defined for all x near a, but not necessarily at x = a, then
we say that f(x) has a limit A as x tends to a, if f(x) tends to A as x tends to
a (but is not equal to) a. We write





=A
or
f(x) → A as x → a
A function f is continuous at x=a provided that f(x) tends to f(a) as x tends
to a :
f is continuous at x
f(x)= f(a)
Continuity implies that there are no breaks or jumps in the function (a
smooth graph).
Intermediate theorem under mathematics uses continuity as a
precondition.

1.11 FURTHER READINGS
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UNIT 02

MODELS AND THOEREMS OF DIFFERENTIATION

Structure
2.0
Learning Objectives
2.1
Introduction
2.2
Continuity and Differentiability
2.3
Derivatives
2.4
Rules of Derivatives
2.5
Differentials
2.6
Use of Differentials in Linear Approximation of a Function
2.7
Approximation of a Function by Polynomial
2.8
Differentiation
2.9
Let us Sum up
2.10 Further Readings

2.0

LEARNING OBJECTIVES

After studying this module, you would




2.1

Know the concept of the derivative and the rules for derivatives.
Learn about differentiability and differentiation
Know about the economic applications of differentiation.

INTRODUCTION

This module introduces you to the concept of Derivatives and the Rules for
Derivatives. It explains the use of differentials and differentiation. It also explains the
economic uses of derivatives and differentiation.
Definition of a derivative:
A derivative is the value of slope of a function at any point.
Let there be a function , y = f(x), where the independent variable x changes from x 1 to
x2 and the corresponding change in the dependent variable y be from y1 to y2 where y1
= f(x1) and y2 = f(x2).
The average rate of change of the function between points A and B is defined as the
ratio
Odisha State Open University, Sambalpur
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(y1 - y2) / (x1 - x2) or [f(x1) - f(x2)] / (x1 - x2).
As shown in the figure below, this ratio is equal to the slope of the chord AB which
passes through the points (x1, y1) and (x2, y2).

As an example, assume that the function y = f(x) denotes a production function, where
y denotes the level of output corresponding to the use of x units of labour. The curve of
such a production function is shown in the figure below.

We note that output is zero when no labour is employed i.e. y = 0 when x = 0.
Further, when x1 units of labour are employed the level of output is y1 = f(x1).
Thus the average rate of change of output when x1 units of labour are employed is
given by
Odisha State Open University, Sambalpur
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(y1 - 0)/(x1-0) or y1/x1 or f(x1)/x1.
In terms of figure, this ratio is represented by slope of the chord (OA) passing
through the points (0,0) and (x1,y1).
Very often we are interested in determining the rate of change of a function when the
independent variable x increases slightly from its current value or equivalently, the
rate of change of the function at a point.
In terms of the production function considered as an example above, such a rate is
called the marginal product of labour.
To find this rate we assume that increase in x be denoted by Δx and the corresponding
change in y be Δy. Thus the average rate of change can be written as Δy/Δx or [f(x +
Δx) - f(x)]/Δx
This ratio is termed as the incrementary ratio.
Using the concept of limit of a function we can say that the rate of change of a
function at a point is given by the limit of the incrementary ratio as Δx →0. This
limit, if it exists, gives the rate of change of the function at point x and is called the
derivative of the function y = f(x) w.r.t x denoted by

Thus,

𝒅𝒚
𝒅𝒙

=

𝒅𝒚
𝒅𝒙

[f(x + Δ𝒙) - f(x)]/Δ𝒙

A derivative of a function is also called as the instantaneous (or marginal) rate of
change of the function.
2.2

CONTINUITY AND DIFFERENTIABILITY

A function y = f(x) is said to be differentiable at a point x = a, in its domain, if
[f(a+h ) - f(a)]/ h exists.
Since h = 0, therefore, lim [f(a+h) - f(a)]/ h will exist only if
ℎ→0
[f(a+h) f(a+h) = f(a).
This condition implies that the function y = f(x) is continuous at x = a.
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Hence we can say that a differentiable function is always continuous.
But the converse of this need not be true.
Since even if lim {𝑓(𝑎 + ℎ ) − 𝑓(𝑎)} = 0, the lim
ℎ→0

{𝑓(𝑎+ℎ ) − 𝑓(𝑎)}

ℎ→0

ℎ

may or may not

exist. Thus continuity is only a necessary but not sufficient condition for the
differentiability of a function.
It may be mentioned here that the continuity of a function at a point ensures that there
is no gap in the curve as we pass through this point, whereas differentiability ensures
the absence of sharp corners at such a point.
Definition of differential and differentiation:
Suppose y = f(x) is a differentiable function and Δx denotes an arbitrary increment in
x. Then f′(x) Δx is termed as the differential of y = f(x) and is denoted by dy = f′(x)
Δx. The process of obtaining differentials of a function is called differentiation.
2.3

DERIVATIVES

Some Standard Derivatives
The basic formulae for most commonly used derivatives are given below:
1. Derivative of a constant is zero
If y = c where c is a constant, then

𝑑𝑦
𝑑𝑥

= 0.

2. Derivative of a Power Function
If y = xⁿ, where n is a real number, then

𝑑𝑦
𝑑𝑥

= nxn-1.

3. Derivative of a Logarithmic Function
(i) If y = log x, then

𝑑𝑦
𝑑𝑥

=

1
𝑥

(when base of log is not mentioned it is to be

taken as e)
(ii) If y = loga x, then

𝑑𝑦
𝑑𝑥

=

1
𝑥 loga𝑒.
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4. Derivative of an Exponential Function
(i) If y = ex , then
(ii) If y = ax , then

𝑑𝑦
𝑑𝑥
𝑑𝑦
𝑑𝑥

= ex .
= ax logea

5. Derivative of Trigonometric Functions
(i) If y = sin x, then dy/dx = cos x
(ii) If y = cos x, then dy/dx = -sin x
(iii) If y = tan x, then dy/dx = sec2 x
(iv) If y = cot x, then dy/dx = -cosec² x
(v) If y = sec x, then dy/dx = sec x. tan x
(vi) If y = cosec x, then dy/dx = -cosec x. cot x

2.4

RULES FOR DERIVATIVES

Rule 1: Derivative of the sum (or the difference) of two functions
If y = u ± v, where u and v are both functions of x, then
𝑑𝑦
𝑑𝑥

=

𝑑𝑢
𝑑𝑥

±

𝑑𝑣

𝑑𝑥

This rule says that the derivative of the sum (or difference) of two functions is equal
to the sum (or difference) of the derivatives.
This rule can generalised a given below: If y = u ± v ±w, then

𝑑𝑦
𝑑𝑥

=

𝑑𝑢
𝑑𝑥

±

𝑑𝑣

𝑑𝑥

±

𝑑𝑤
𝑑𝑥

Example: Find the derivative of y = x2 + x3 w.r.t x
Solution: Let u = x2 and v = x3 so that u and v are functions of x.
Therefore,

𝑑𝑢
𝑑𝑥

= 2x and

𝑑𝑣
𝑑𝑥

= 3x2

We can write y = u + v
Therefore,

𝑑𝑦
𝑑𝑥

=

𝑑𝑢
𝑑𝑥

+

𝑑𝑣
𝑑𝑥

= 2x + 3x2
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Rule 2: Derivative of the product of two functions
If y = u.v where u and v are functions of x, then
𝑑𝑦
𝑑𝑥

= u.

𝑑𝑣
𝑑𝑥

+ v.

𝑑𝑦
𝑑𝑥

This rule says that the derivative of the product of two functions is equal to the first
function times the derivative of second plus second function times the derivative of
first.
As a corollary to this rule, if y = cu, where c is a constant, we have
𝑑𝑦
𝑑𝑥

= c.

𝑑𝑢
𝑑𝑥

+ u.

𝑑𝑐
𝑑𝑥

Example: Find
𝑑𝑦

Solution:

𝑑𝑥

= c.

𝑑𝑦
𝑑𝑥

𝑑𝑢
𝑑𝑥

for the function y = (x - 1) (x +3)

= (x - 1) + (x+3) = 2x+2

Rule 3; Derivative of the quotient of two functions
𝑢

If y = , here u and v are functions of x and v ≠ 0, then
𝑣

𝑑𝑦
𝑑𝑥

[𝑣

=

𝑑𝑢
𝑑𝑣
−𝑢 ]
𝑑𝑥
𝑑𝑥

v2

Example: Find
Solution:

𝑑𝑦
𝑑𝑥

𝑑𝑦
𝑑𝑥

=

of the function y =

1+𝑥 2
1−𝑥 2

[(1−x2)(2x) − (1+x2)(−2x)]
(1−x2)2

=

4𝑥
(1−𝑥2)2

Rule 4; Chain rule or function of a function rule
If y is a function of u and u is a function of x, then
𝑑𝑦
𝑑𝑥

=

𝑑𝑦 𝑑𝑢

.

𝑑𝑢 𝑑𝑥
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Example: If y = u2 + 3u - 2 and u = 2x4 , find
Solution: Using chain rule we can write
𝑑𝑦

We have

𝑑𝑢

= 2u + 3 and

Thus,

𝑑𝑦
𝑑𝑥

𝑑𝑢
𝑑𝑥

𝑑𝑦
𝑑𝑥

𝑑𝑦
𝑑𝑥
𝑑𝑦 𝑑𝑢
𝑑𝑥

= 𝑑𝑢.

= 8x3

= (2u+3).8x3 = (4x4 + 3).8x3
= 32x7 + 24x3

Rule 5: Inverse function rule
If y = f(x) and x is equal to ϕ (y) are inverse functions which are differentiable, then
𝑑𝑦
𝑑𝑥

= f′(x) and

𝑑𝑥
𝑑𝑦

= ϕ′(y) are reciprocal of each other, i.e.

f′(x) = 1/ϕ′(y) or f′(x) .ϕ′(y) = 1
Example: If y = (3x + 2)/(x+1), find
Solution:

𝑑𝑦
𝑑𝑥

𝑑𝑦
𝑑𝑥

= [(x+1)3 - (3x+2)]/(x+1)2 = 1/(x+1)2

Using inverse function rule,
Thus,

𝑑𝑦
𝑑𝑥

𝑑𝑦
𝑑𝑥

is reciprocal of

𝑑𝑦
𝑑𝑥

.

= (x+1)2

Rule 6: Derivative of implicit function
Given an implicit function f (x,y) = 0, it is not necessary to transform this into an
explicit form for the purpose of finding derivative. Such a function can be directly
differentiated and the resulting equation is solved to get the desired derivative,
𝑑𝑥
𝑑𝑦

𝑑𝑦
𝑑𝑥

or

. The method of obtaining derivative from an implicit function is illustrated by the

following example
𝑑𝑥

Example: If ax2 + 2hxy + by2 = 0, find

𝑑𝑦

Solution: Differentiating each term w.r.t. y, we have
2ax
𝑑𝑥
𝑑𝑦

𝑑𝑥
𝑑𝑦

+ 2hy

𝑑𝑥
𝑑𝑦

+ 2hx + 2by

𝑑𝑥
𝑑𝑦

= 0 or

= - 2 (hx+by) /2(ax+hy) = - (hx+by) /(ax+hy)
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2.5

DIFFERENTIALS

Use of differentials in approximating errors
The value of a function y = f(x) when the independent variable takes a value x + dx is
given by f(x + dx), here dx denotes a small magnitude of error in measurement of x.
Thus the error in the value of the function when the independent variable is wrongly
recorded as x + dx instead f x is
Δy = f(x + dx) - f(x)
This is shown by the length of the line AC in the figure below.
Using differentials it is possible to find an approximate measure of this error. This
magnitude denoted by dy, is given by dy = f ′(x) dx, which is denoted by length DC in
the figure.
From the figure we note that the gap between AC and DC will be small values of dx
or in other words, the approximation of error, using differentials, will tend to equal to
the actual error when dx is small.
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2.6
USE OF DIFFERENTIALS IN LINEAR APPROXIMATION OF A
FUNCTION
Let us assume that y = f(x) is a nonlinear function and we want to approximate this
by a linear function when x is very close to a value a. From the figure given below,
we can write

or

f(x) - f(a) ≈ 𝑓′(𝑎) (x - a) [where dx = x - a]
f(x) ≈ 𝑓(𝑎) + 𝑓′(𝑎) (𝑥 − 𝑎)

Note that the right hand side of the above equation is a linear function that is
approximately equal to f(x), a non-linear function. Also note that this Linear
approximation is also tangent to the curve at the point [a,f(a)].

Example: By using derivatives show that (1+x)3 = 1 + 3x and 5/(3x+4)2 = (5/16) (15/32)x approximately when x is nearly equal to zero. How good is the second
approximation when x = 0.5?
Solution: A linear approximation to the function f(x) when x is nearly equal to zero
can be written as f(x) ≈ f(0) + f′(0)(x)
For f(x) = (1+x)3 we have, f(0) = 1 and f′(x) = 3(1+x)2 = 3 at x = 0
Thus, f(x) = (1+x)3 ≈1+ 3x
Similarly, when f(x) = 5 / (3x+4)2 we have f′(x) = -30(3x+4)-3 = -15/32 at x = 0, f (0) =
5/16
Therefore, f(x) ≈5/16 - (15/32) x
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Further, f(x) = 5 / (3x+4)2 = 5 / (5.5)2 = 0.16 at x = 0.5
Its approximation = 5/16 - (15×0.5)/32 = 5/64 = 0.078
Error of approximation = 0.16 - 0.078 = 0.082
Percentage error of approximation = (0.082/0.16)×100 = 51%
2.7

APPROXIMATION OF A FUNCTION BY A POLYNOMIAL

In situations where the error of linear approximation is large, we may try
approximating by a quadratic or higher degree polynomial.
(a) Quadratic Approximation:
Suppose we want to approximate f(x) by a quadratic polynomial when x is close to a
value a.
We can write
f(x) ≈ α0 + α1 (x - a) + α2 (x - a)2
………(1)
This approximation is known if the values of the constants α0 , α1, and α2 are known.
To get the value of α0 , we simply put x = a in equation (1) . Thus α0 = f(a).
To get α1 , we differentiate equation (1) and put x = a.
Thus f′(x) = α1+ 2𝛼2 (x - a) or α1 = f′(a).
To get α2 , we obtain second derivative of equation (1) and put x= a.
Thus, f″(x) = 2α2 or α2 = f″(x)/2 .
The quadratic approximation can thus be written as
f(x) ≈ f(a) + f′(a)(x - a) + [f″(a)/2 ](x - a)2
When a = 0, the approximation becomes f(x) ≈ f(0) + f′(0) + [f″(0)/2 ]x2
(b) Polynomial Approximation
To approximate f(x) by a polynomial of degree n when x is close to a value
a,
we write f(x) ≈ α0 + α1 (x - a) + α2 (x - a)2 + ……..+ αn(x - a)2.
To find the values of the constants α0 , α1, α2 etc., we obtain f(a) f′(a) f″(a) etc. The
values of the constants can be written as
α0 = f(a) , α1 = f′(a)/1! , α2 = f″(a)/2! , αn = f
n
(a)/n!
Thus we can write
f(x) ≈ f(a) + [f′(a)/1!](x - a) + [f″(a)/2! ](x - a)2 + [f n(a)/n!](x - a)n
This expansion is known as nth order taylor polynomial about x = a.
When a = 0, the approximation becomes
f(x) ≈ f(0) + [f′(0)/1!]x + [f″(0)/2! ]x2 + [f n(0)/n!]xn
This is known as the McLaurin approximation.
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2.8

DIFFERENTIATION

Parametric differentiation
If both the variables, x and y, are functions of another variable t i.e. x = f(t) and y =
g(t), then dy/dx can be obtained without the elimination of t. Using differentials we
can write
dy = g′(t) dt
dx = f′(t) dt

…...(1)
……(2)

Dividing (1) by (2), we have
𝑑𝑦
𝑑𝑥

= g′(t) dt/f′(t)dt = [

𝑑𝑦
𝑑𝑡

]/[

𝑑𝑥
𝑑𝑡

]

Logarithmic Differentiation
If y = f(x) is a differentiable function of x, then by using chain rule we can write
𝑑𝑙𝑜𝑔𝑦
𝑑𝑥

= (1/y).

𝑑𝑦

[Taking u = logu then

𝑑𝑥

This can be written as
in y. Note that

𝑑𝑦
𝑑𝑥

𝑑𝑙𝑜𝑔𝑦
𝑑𝑥

=

𝑑𝑦 / 𝑦
𝑑𝑥

𝑑𝑢
𝑑𝑥

=

𝑑𝑢 𝑑𝑦

.

𝑑𝑦 𝑑𝑥

]

, which denotes the rate of proportional change

denotes the rate of absolute change in y .

Rate of Growth/ Decay:
Let y be a function of time i.e. y = φ (t).
We can write

𝑑𝑙𝑜𝑔𝑦
𝑑𝑡

= (1/y).

𝑑𝑦
𝑑𝑡

=

𝑑𝑦 / 𝑦
𝑑𝑡

= r (say)

Here r represents proportional change in y per unit of time or the rate of growth (or
decay) of the function. This growth is also known as the compound rate of growth.
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2.9

LET US SUM UP

The module discusses that:
• A derivative is the value of slope of a function at any point.
• It is also called as the instantaneous (or marginal) rate of change of the
function.
• A differentiable function is always continuous.
• Suppose y=f(x) is a differentiable function and Δx denotes an arbitrary
increment in x.
• Then f′(x) Δx is termed as the differential of y=f(x) and is denoted by dy
=f′(x) Δx.
The process of obtaining differentials of a function is called
differentiation.
• It is also used for approximating errors.

2.10
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UNIT 03

HIGHER ORDER DERIVATIVES

Structure
3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

Learning Objectives
Introduction
Interpretation of derivatives of various order
Second derivatives criterion for concavity and convexity of a function
Second Derivatives and Nth Derivative Test
The Jacobian Matrix
Hessians
Taylor’s Formula
L’Hopital’s Rule
Let us Sum up
Further Readings

3.0

LEARNING OBJECTIVES

After studying this module, you shall be able to


3.1

Know the concept of higher order derivatives.
Know the various applications of higher order derivatives.
INTRODUCTION

Second and higher order derivatives
Given a function y = f (x), its derivative w.r.t x i.e.
Since

𝑑𝑦
𝑑𝑥

𝑑𝑦
𝑑𝑥

𝑑𝑥

is called the first derivative.

is also a function of x it can be differentiated further.

The derivative of
(

𝑑𝑦

)/dx =

𝑑𝑦
𝑑𝑥

w.r.t x is termed as the second derivative of y denoted by d

𝑑2 𝑦
𝑑𝑥 2
𝑑3 𝑦

Proceeding in a similar manner we can obtain the third derivative
derivative

𝑑4 𝑦

𝑑𝑛 𝑦

𝑑𝑥

𝑑𝑥 𝑛

4 , the nth derivative

𝑑𝑥 3

, fourth

The first, second, third...nth derivatives are also denoted by f′(x) f″(x), f‴(x), fn(x).
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3.2

INTERPRETATION OF DERIVATIVES OF VARIOUS ORDER

The derivative function f′(x) measures the rate of change of the function f. By the
same token, the second derivative function f″(x) is the measure of the rate of change
of the first derivative f′(x). In other words the second derivative measures the rate of
change of the rate of change of the original function f. To put it differently, with a
given infinitesimal increase in the independent variable x from a point x = x0,

3.3
SECOND DERIVATIVE CRITERION FOR CONCAVITY CONVEXITY
OF A FUNCTION
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Application1:
The two curves above exemplify the graphs of quadratic functions, which may be
expressed generally in the form y = ax2 + bx + c (a)
(a ≠ 0)
From our discussion of the second derivative, we can now derive a convenient way
of determining whether a given quadratic function will have a strictly convex (Ushaped) or a strictly concave (inverse U-shaped) graph. Since the second derivative
of the quadratic function cited is

𝑑2 𝑦
𝑑𝑥 2

= 2a, this derivative will always have the same

algebraic sign as the coefficient a. Recalling that a positive second derivative implies
a strictly convex curve, we can infer that a positive coefficient a gives rise to a Ushaped graph. In contrast, a negative coefficient a leads to a strictly concave curve,
shaped like an inverted U.
Application 2:
Diminishing Marginal Utility: Suppose u (x) represents the utility that a person gets
from consuming x amount of a good. If u (x) >0 then more of the good is preferred to
less of it. If u (x) < 0, then every additional unit of the good generates less additional
utility for the consumer than the previous additional unit.
Application 3:

Diminishing Marginal Productivity: As a firm increases labour input starting from
low levels, its production capacity generally increases. However, the increase in
productive capacity, as more labour is added, tends to get smaller: increasing labour
from 100 to 101 might increase productive capacity by 10 units; increasing labour
from 101 to 102 might increase productive capacity by 7 units, say. That is, the rate
of increase in productive capacity falls as more labour is added. Suppose we
represent the firm’s production function by f (L) where L is labour input. We can
impose increasing productivity be requiring the condition f ′ (L) >0. We can impose
“diminishing marginal productivity” by requiring f″ (L) < 0
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3.4

SECOND DERIVATIVE AND NTH DERIVATIVE TEST

Second derivative test for relative extremum If the value of the first derivative of
a function f at x = x0 is f′(x0) = 0, then the value of the function at x0 , f(x0), will be
a. A relative maximum if the second derivative value at x0 is f″(x0) < 0.
b. A relative minimum if the second derivative value at x0 is f″(x0) > 0.
This test is more convenient to use than the first derivative test, because it does
not require us to check the derivative sign to both the left and right of x0.
Generalization of the above test for the Nth derivative gives us the following,
Nth derivative test for relative extremum of a function of one variable
If the first derivative of a function f(x) at x 0 is f″(x0) = 0 and if the first
nonzero derivative value at x0 encountered in successive derivation is that
of the Nth derivative, f(N) (x0) 0, then the stationary value f(x0) will be
a.
b.
c.

A relative maximum if N is an even number and f(N) (x0) <0.
A relative minimum if N is an even number but f(N) (x0) > 0.
An inflection point if N is odd.

It should be clear from the preceding statement that the Nth derivative test can work
if and only if the function f(x) is capable of yielding, sooner or later, a nonzero
derivative value at the critical point x0.
3.5

THE JACOBIAN MATRIX

The Jacobian matrix is the matrix of all first-order partial derivatives of a vector
function. Taking a function F: Rn Rm which takes as input real n-tuples and
produces as output real m-tuples. Such a function is given by m real-valued
component functions, F1(x1,.....,xn),......,Fm (x1,......,xn). The partial derivatives of
all these functions with respect to the variables x1,.....,xn (if they exist) can be
organized in an m-by-n matrix, the Jacobian matrix J of F, as follows:
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The above matrix can also be denoted by JF(x1,.....,xn) and ∂(F1,.....Fm)/ ∂
(x1,.....,xn). When m = n ,the Jacobian matrix is a square matrix, and its determinant,
a function of x1,.....,xn , is the Jacobian determinant of F. The Jacobian determinant
is sometimes also called "the Jacobian."
3.6

HESSIANS

Higher Order Hessians

Conditions for a local minimum or maximum depend on the signs of the first, second
and third principal minors, respectively. If |H1| = y11 > 0 , |H2| > 0 and |H3| = |H| > 0
where |H3| is the third principal minor, |H| is positive definite and fulfils the second
order conditions for a minimum. If |H1| = y11 < 0, |H2| > 0 and |H3| = |H| < 0 |H| is
negative definite and will fulfil the second-order conditions for a maximum.
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Higher-order Hessians follow in analogous fashion. If all the principal minors of |H|
are positive, |H| is positive definite and the second-order conditions for a relative
minimum are met. If all the principal minors of |H| alternate in sign between negative
and positive, |H| is negative definite and the second-order conditions for a relative
maximum are met.
3.7

TAYLOR’S FORMULA

The Taylor’s formula which is used uses higher order derivatives, which can be seen
in the formula given below:

3.8

L’ HOPITAL’S RULE

If f′(a)/g′(a) also turns out to be an indeterminate form, we can apply the rule again
i.e we will find f″(a)/g″(a) and then solve for the limit. Application/ repeated
application of the rule often converts an indeterminate form to a determinate form,
allowing easy evaluation of the limit.
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3.9

LET US SUM UP

Given a function y = f(x), second derivative is d2y/dx2, third derivative is
d3y/dx3 and nth derivative dny/dxn.
 The second derivative measures the rate of change of the rate of
change of the original function f. If,
f″(x) > 0
increase
means that the slope of the curve tends to
f″(x) < 0
decrease
2
2
 When d y/dx 0 over a domain or its subset the curve is strictly convex from
below and when d2y/dx2 <0, the curve is strictly concave from below.
 The Jacobian matrix is the matrix of all first-order partial
derivatives of a vector function.

3.10
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UNIT 04

METHODS OF INTERGRATION

Structure
4.0
Learning Objectives
4.1
Introduction
4.2
Definite Integrals
4.3
Basic Rules of Integration
4.4
Methods of Integration
4.5
Properties of definite Integrals
4.6
Definite integral as an era under the Curve
4.7
Let us sum up
4.8
Further Readings
4.0

LEARNING OBJECTIVES

After studying this module, you would be able to learn about
 The concept of Integration
 The Rules and methods for Integration.
 Definite integral as area under the curve.
4.1

INTRODUCTION

Definition of Integration: Integration is the inverse process of differentiation. The
process of finding a function F(x), given its derivative f(x) is known as integration or
anti-differentiation.
Indefinite Integrals:
In the equation given below,

∫f(x) dx = F(x) + C when F′(x) = f(x) -- (1) F is called an indefinite integral off. As a
symbol of an indefinite integral off, we use ∫f(x) dx.
The symbol ∫ is the integral sign, the function f(x) is the integrand and C is the constant
of integration. The dx part of the integral notation indicates that x is the variable of
integration. The integral of a function found by integrating it, is not unique, unlike the
derivative. In fact, there are infinitely many integrals of a function such that any two
integrals differ by a constant.
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Geometrical Representation of indefinite integrals: The indefinite integral of a
function represents geometrically a family of curves having parallel tangents at their
points of intersection with the lines orthogonal to the axis representing the variable of
integration.
Example:
In the figure below , Y = - X 2 + C , represent the family of curves (parabolas) , having
parallel tangents at their respective points of intersection, P , Q and R with the line , X
= a orthogonal to the X axis ( X being the variable of integration).

4.2

DEFINITE INTEGRALS

Let a and b be two values of x in the domain of F(x), which is a continuous function in
[a, b] such that a < b. If we substitute these values, successively into the right hand side
of equation (1) given above and subtract, we get F(b) + c - F(a) - c = F(b) - F(a). WE
note that F(b) - F(a) is a specific numerical value free of independent variable x and
constant c. This difference is called Definite integral off (x) from a to b, where a and b
are termed as the lower and upper limits of integration respectively. Symbolically the
definite integral is written as:
(x) dx

= F(b) – F(a)

However, if the limits a and b are expressed as a function of t, then the derivative of the
definite integral is written as:
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4.3

BASIC RULE OF INTEGRATION

From the knowledge of rules of differentiation and the relationship between
differentiation and integration, we can write the following formulae for the
integration of functions:
(1) Integration of a constant :

∫a.dx + sx + c

(where a and c are constants)

(2) Integration of power functions :

∫xn.dx = xn+1 / n+1 + c

(where n ≠ −1)

(3) Integration of x-1 :

∫x-1dx = ∫1/x.dx = logx + c
(4) Integration of a constant multiple of a function :

∫af(x).dx = a∫f(x).dx
(5) Integration of the sum or difference of two functions:
[f(x) g(x)].dx = ∫f(x).dx ∫g(x).dx
(6) Integration of eax :

∫eax.dx = (1/a)eax + c

(where a

0)

(7) Integration of bx :

∫bx.dx =

bx/ logb + c
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4.4

METHODS OF INTEGRATION

We shall discuss three methods of integration:
(a) Integration by substitution
(b) Integration by parts and
(c) Integration by partial fractions

Integration by substitution:
This method is used when basic rule of integration, given above are not directly
applicable. In such cases, the integrand is transformed (by suitable substitution of a
given variable by a new variable) into a form in which basic rules are applicable. The
basic idea underlying this method is the use of a function of a function (or chain rule).
This method is explained through the following example.
Example: Evaluate

∫ (2x2 + 7)5 .4x.dx

I = ∫ (2x2 + 7)5 .4x.dx
Put 2x2 + 7 = u, then 4x.dx =du
Therefore I = ∫u5du = (u5 + 1)/5+1 + c = (2x2 +7)6/6 + c
Example: ∫ x(x 2 + 1)15 dx
Put x2

+1=t

2x dx = dt
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Integration by parts:
The method of integration by parts is based on the product rule of differentiation.
We know that if u and v are two functions of x, then d (uv)/dx = u.
Integrating both sides, w.r.t. x we get
or

uv = ∫u

∫u.dv = uv - ∫v.du

𝑑𝑣
𝑑𝑥

.dx + ∫v

𝑑𝑢
𝑑𝑥

𝑑𝑢
𝑑𝑥

+ v.

𝑑𝑣
𝑑𝑥

.dx

---(1)

Let u = f(x) and dv = g(x).dx
Therefore, du = f′(x) dx, v = ∫g(x) dx
Substituting these values in equation (1), we have

∫ f (x).g(x).dx = f(x) ∫ g(x).dx - ∫ [ ∫g(x)dx ] f′(x)dx
Or ∫ f(x) g(x) dx = f(x) ∫ g(x) dx - ∫ f′(x) [∫g(x) dx] dx

--- (2)

Taking f(x) as the first and g(x) as the second function the above equation can be
stated in words as : The integral of the product of two functions = first function
integral of second - integral of [differential coefficient of first integral of second ]
Note: To apply this formula the integrand should be expressible as a product of
two functions such that one of them can be easily integrated. This function is
taken as the second function.
Example: Evaluate ∫ logx.dx
I = ∫ logx.dx
Taking logx as the first function and 1a the second function, using ILATE rule
(inverse, logarithmic, algebraic, trigonometric, exponential), and by using
integration
by parts method, we get
I = xlogx - ∫(1/x) x.dx = xlogx - x + c = x (logx - 1) + c
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Integration by partial fractions:
This method is used for the integration of rational functions. A rational function f(x) is
defined as the ratio of two polynomials say p(x)/q(x), q(x) 0. If the degree of p(x) is
less than the degree of q(x) then f(x) is called proper rational function otherwise it is
called an improper rational function.
We shall state without proof that every proper rational function can be expressed as a
finite sum of partial fractions.
If a rational function is improper it can be expressed as a sum of polynomial (which
can be easily integrated) and a proper rational function by division of polynomial in
numerator by the polynomial in denominator.
The method of integration by partial fractions is explained through the following
example.
Example: Evaluate ∫[(x2 + 1)/ (2x + 1)(x-1)(x+1) ]dx
The integrand can be written as
(x2 + 1) / (2x + 1) (x-1) (x+1) =
[(¼ + 1) / (2x +1) (-½ -1) (-½ + 1)] + 2/6 (x-1) + 2/2 (x + 1)
= -5/3(2x+1) + 1/ [3(x-1)] + 1/(x+1)
=> ∫(x2 + 1) / (2x +1) (x-1)(x+1) dx = -5/3∫1/(2x+1) dx + ⅓ ∫1/(x-1)dx + ∫1/(x+1)dx
=-

log (2x+1) + ⅓ log (x-1) + log (x+1) +c

=

l [2log (x-1) + 6log (x+1) -5log (2x+1) + c]

=

log {[(x-1)2 (x+1)6] / (2x+1)5} +c
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Example:

∫x -1 / (x + 1) (x – 2) dx
………………… (1)

Therefore, x-1 = A (x-2) + B(x+1) …………….. (2)
Putting, x-2 = 0 or x = 2 in (2) we get, B = 1/3
Putting, x+1 = 0 or x = -1 in (2) we get, A= 2/3
Substituting A and B in (1) we get,

= ∫ x-1 / (x+1) (x-2) dx

4.5

PROPERTIES OF DEFINITE INTEGRALS

If f(x) is continuous and has an integral over the (closed) interval [a, b] then we can
write:
(1) ∫𝑎𝑏 𝑓(𝑥)𝑑𝑥 = − ∫𝑏𝑎 𝑓(𝑥)𝑑𝑥
(2) ∫𝑎𝑎 𝑓(𝑥)𝑑𝑥 = 0
(For a<c<b)
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4.6

DEFINITE INTEGRAL AS AN AREA UNDER THE CURVE

Let y = f (x) be a continuous function and its curve be as shown in the figure below.
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Suppose that we want to find the area enclosed by the curve and x-axis between
two points a and b, in the domain. This area can be divided into n-strips each with
width equal to xi (i = 1, 2, 3...n).
Two such strips are shown as shaded in the figure. The appropriate area under the
curve can be written as the sum of n strips in the interval [a,b]. We should note here
that smaller the width of each strip closer will be the sum of areas of the strips to
the actual area.
if Ai denotes the area of the ith strip with width equal to xi and height equal to yi =
f(xi) then the expression for sum of areas of the strips can be written as
i=1

n

Ai =

i=1

n

f(xi) dxi

We note that n will approach infinity as xi 0. Further in the limit the left hand
side of the above equation will become equal to
, where d A is differential
of A, the area under the curve and x-axis between the points a and b . Similarly the
right hand side can be written as
. Thus A =

gives the area under the curve y = f(x) and x-axis

Between the points a and b.
Example: Find area bounded by parabola y2 = 4ax and its latus rectum.
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The area of the shaded region needs to be found where, (a, 0) is the focus. The curve
is symmetrical about x axis and required area is MOM’M.
So, required area = 2 (area of MONM)
This can be found by,

∫a

A= 2

(4ax) 1/2 dx

0
A= 4 a ½ . 2/3 (a 3/2 – 0)
A = 8/3 a 2 sq. units
4.7

LET US SUM UP


Integration is the inverse process of differentiation. The process of finding a
function F(x), given its derivative f(x) is known as integration or antidifferentiation.



In the equation given below,

∫f(x) dx = F(x) + C when F′(x) = f(x)

--- (1)

F is called an indefinite integral off.


The definite integral is written as :
(x) dx = [F(x)] = F(b) – F(a)



Basic rules of integration are found from the knowledge of rules of
differentiation and the relationship between differentiation and integration.
There are three methods of integration :
(a) Integration by substitution
(b) Integration by parts and
(c) Integration by partial fractions





We also discussed the properties of definite integrals and how they can be
used to find the area under the curve.
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4.8
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